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Abstract

This paper considers an application of a local theory of exponentially
asymptotically stability of nonsmooth periodic orbits derived from a
planar dynamical system of autonomous ordinary differential equations
with discontinuous right-hand side. Such dynamical systems are en-
countered in economic modelling in the context of economic growth. In
this paper, we revisit an example considered in a companion paper of
this journal and show that the explicit solution of the dynamical sys-
tem is not required in showing exponentially asymptotically stability.
We also provide a formula for the basin of attraction. The cost of the
new method is also assessed.

Keywords: Dynamical Systems, Exponential Asymptotic Stability, Poincaré
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1 Introduction

In complex economic applications of dynamical systems with discontinuous
right-hand side the calculation of analytic solutions might be difficult if not
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impossible [5], [2], [1], [3], [4]. This is a major drawback in the development
of economic models and economic policy analysis, which demand analytic so-
lutions. In this paper, we aim at establishing existence, uniqueness, and ex-
ponentially asymptotically stability of a nonsmooth periodic orbit without its
explicit calculation. The theory developed in Stiefenhofer and Giesl [7] allows
us to do so. We consider an example and compare our method to Poincaré’s
theory discussed in a companion paper of this journal. Moreover, we char-
acterise the set of stable initial conditions of the periodic orbit, the primary
object of economic policy analysis.

We first introduce the model and state the theorem provided in Stiefenhofer
and Giesl [7]. Section two discusses how to calculate the smooth conditions of
the theorem. Section three shows the calculation of the jump conditions, and
section four is a conclusion.

We consider the dynamical system provided in Stiefenhofer and Giesl in a
companion paper of the same journal

&= f(x),
where f is a discontinuous function at 5 = 0 and € R? such that for f := f*
we have
i) [M(x) ifae>0
t=fHe) = { f(x) ifzy<O. (1)

Let equation (1) be defined by

fr) = o (R = (@) + (@) — 22 |
[ (@)= 22 (RY)? = ((21)* + (22)?)) + 21 } if x5 > 0. (2)

and
fi@)= a1 ((R7)* -
fo (@)= 22 (R7)* -

—~

(@) + (22)%)) —as |
(21)? + (22)%)) + 21 }1ff’32<0, (3)

The aim is to calculate the conditions 1-4 of theorem 1:

Theorem 1 (Stiefenhofer and Giesl [7], Theorem 2 p. 11] Let ) # K C R?
be a compact, connected and positively invariant set with f*(x) # 0 for all
x € K*. Moreover, assume that W* : X* — R? are continuous functions and
let the orbital derivatives (W*)' exist and be continuous functions in X and
continuously extendable up to X3. Let following conditions hold:

1. L+ = max Ly+(z,07) < —v <0
ot ||=e=W* @) vt L+ (x)

Ly+(z,v%) = 2V @O L (o) [DfF(2)] o + (VW (), f(2)) 0]}
forallz e K+.
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2. Ly—(z) = max Ly-(z,v7) < —r<0
o= ll=e="" @) v Lf~(2)

Ly-(z,07) =" @O { ()T [Df ()] v + (YW (2), f~(2))]lo~|*}
forallx e K~.

f7 (1,0) VUi @00) + (55 @1.0)° W (21,0)—~ W (21,0)

3. 2 > =€ <1
I3 (1,0) \/(ff(wl,())) +(£5 (21.,0))
for all z € K° with f;F(x,,0) <0, f5 (z1,0) <0.

4' f;:(m,(]) . \/(ff(m,()))Q-‘r(f{(wl,O))Q€W+(z1’0),w—(x170) <1
f (%1,0) \/(f;(x170))2+(f;(x170))2
for all z € K° with f;f(x1,0) >0, fy (z1,0) > 0.

Then there is one and only one periodic orbit Q C K. Moreover, ) is expo-
nentially asymptotic stable with the real part of the Floquet exponent less or
equal —v except the trivial one and for its basin of attraction the inclusion
K C A(Q) holds.

2 The smooth conditions

From condition one above we have

Ly+(z,0%) = &V @ LT [DfF ()] ot + (VW F (), £ (@) vF]?}
= V@ [NIDf ()t + (W () |[vF]?]

Hence our aim is to calculate Ly +(x,v") < 0 which requires to check that
A [ D ()t + (W (@) [ot)?] < 0.

o+
Let v = ( fJ_CE ) We first calculate
1

RH)2 — 2 — 942 _ _ _fF
G ( f{2 ) (( —>2x1x2+12x1 (R*)sz—lx;Q—le% >< f?‘z )

where
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= ((RY)? —r?=227) (f5)? = fi £ (—darmo) + ((RT)? —7° — 223) (fi7)?

= ((RT)? ="~ 23??) (z2((R7)? = 7)* + 2 + 2z122((RY)* — %))
+((RT)? =% = 223) («1((RT)? = r*)? + a5 — 2m122((RT)? — 77))
+4x1 19 [leQ(( ) 7’2) — 219 + (27 — 23)((RT)? — 2)]

= ((R")? = r?)’r? —daia3((R7)* = r*)° + ((RY)* — r*)r® — 2(a1 + 23)

—4x1$2[x1 - 552](( ) 7“2)

da3as [(( )P —r?)? - 1} + 4z @y (2] — 23)((RT)? — r?)?
= ((R")? =2 + (R")? — r¥)r? — 4a23 — 227 — 225
= ((R")? =rPr? + ((R*)? = r®)r® — 2(a] + 23)?
(R = (R - -,

which can be rewritten as
TIDflv = (R")%r* = 3(R*)"r" + 3(RT)*r® — 1 + (R*)*r? — 3.

The second part of the condition requires to calculate (W (z))||v™||?. This
in turn requires to define W. We start by calculating

o2 = (\/(ff)2+(—fz+)2)2

= 2 [(R")? =) +1]

Next, we define WT. Let’s assume that W = W™ (r,0). Also, our model,
given by equations (2) and (3) can be written in polar coordinates as

= (R () (®)
0t = 1. (5)
Then the orbital derivative of W is given by
(WY =W + W, 0 = Wi (RT)? — %) + W,

We now define W.

2
Wt(r,0) = 2 (—(R+)2 Inr+ %) +1.9(6 + 27)
W=(r,0) = 19-6
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with
+ 2 2, 2
W= (R )
w- =0
and
WS = 19
W, =19
thus
(WH(r,0) = —2((r* - R")*?+1.9
(W=(r,0)) = 1.9
We now collect the partial results and state the smooth conditions Ly +(x,v") <
0
{(R+)6T2 —3(R** 4+ 3(RT)*r® — r® + (RM)?r? — 30t +
r* [(RT)? = r*)* + 1] (=2((r* = R")*)*+ 1.9) } <0 (6)
for r € [R™, RT].

and Ly-(z,v7) <0
{(R)6r2 —3(R)"* +3(R)*5 —r® 4+ (R7)*r? — 30t +
r? [(R7)?=r*)?+1] - 1.9} <0 (7)
forre [R7,R"]. K={reR: R <r < R'}is a positively invariant set.

3 The jump conditions

Now, we wan to calculate the jumping conditions a the point zy = (z1,0), with
x1 < 0 (condition 3). Hence, we start by calculating
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fa (wo)
= 2 2
SO o)+ - oy (®)
f5 (x0) ‘ '
2

V(i @0)) + (15 @0))’

From equation (2) we have

ff=a3 (BY) = ((21)* + (23)%) + 2y (9)

and from equation (3) we have

fo = a3 (R)? = ((21)* + (23)%)) + 27 (10)

We first calculate \/(fft(a:o))2 + (ff(xo))Q. Hence

(ff(xo)) (fz Lo ) {5’31 [ (xf) + ( } - wz}
x {1'2 [Ri) _((ﬂf)Z‘{‘ (23) } x{:} .

. Then we have

= ((—a)2f — 23)? + ((—a)zs + 2%)’
= (azt)? + (azf)? + (1) + (25)’
= {[@5)?+ (@F)] — (BRF)?} (@) +
{[@5)? + (@F)?] — (RE)?} (05)* + (a1)* + (23)?

= (r )
= () = (R
= () - (REP)

Hence, we obtain

\/(J”E‘L(wo))2 + (f5(20))" = V(P2 = (REPROFP+ (H2 (1)

We can now calculate the main condition (8) using equations (9), (10), and
(11). We obtain

f5 (@0) 25 ((R7)? +(w3)?))+oy
\/(ff(xo))2+(f2 (zo))2 GW’(xo)—WJr(a:o) _ \/((T )2 - 2("” ) +(r=)? eVV*(:Eo)—WJr(xo)
f5 (o) 23 ((R)? (w1 )2))+ef
\/(f1+(rr()))2+(J“2T(mo))2 V(r)2=(R)?)2 (r‘+) +(rt)?
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and since 23 = 0, we obtain

ey
_ V((r)Q—(R;)QP(r—)QH W (@0)=W (o)
Ty

V()2 =(RT)2)2(rH)2 41

which since ] = ] and r* = r~ yields

We need to check that
[(r? — (RT)?)? + 1]62(W7(“’°)_W+(x°)) < (r*—=(R)*)*+1. (12)

Hence we need to show that

W () — W (20) < %1n<(rg_(R+)2)211>. (13)

For the jump in the opposite direction we do a similar derivation.

f2+2(wo @y ((BF)2- (xl %)) +ey

\/(f1 (zo) ) +(f zo ) 6W+(a:o)—W7(:E0) — V()2 - (7‘+) 2 W (o) =W (o)
£y (x0) z; ((R-)?— <<zl )2+(25)?)) +ay

VT @0) 4 (f5 @0)” \/< 2 (RF)2)2(r )2+ (r )2

and since x5 = 0, r] = 27 and 7+ = r~ we obtain

\/(T2 — (R—)2)2 + 1€W+(960)*W_(ﬁ?0)_

(2 — (RT)?)2 +1

We need to check that
[(r? — (R7)?)? + 1]e2W @)W @0) (42 _ (RT)?)? 4 1. (14)

This is equivalent to checking that

(12 - (R*)?)2 + 1) 15)
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Figure 1: Condition 1: Figure 2: Condition  2:
smooth(+). smooth(-).

smooth case (-)

-06

1 1.005 1.01 1.015 1.02

Figure 3: Condition: smooth(-) at r=1.
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We conclude by collection of conditions (6), (7), (13), and (15) that we
need to show that (Condition 1)

{(R+)6r2 —3(RY)"* + 3(RT)*% —r® 4+ (RT)*r? — 3r* +

R =22 1] (=202 = R4 19) < o,

(Condition 2)
{(R)%? —3(R)*"r +3(R)MC —r® + (R — 3" +
P (R =) +1] - 1.9} <0

(Condition 3), where 21 < 0, § = 7 and

Wi(l'o) = 19«

W™ (zg) = 2(—(R")*Inax + (x;)2> +1.9-3r

v () <

(Condition 4), where z; > 0, § = 27 and

W_(.To) = 19 -2n

(xl)z

W= (z9) = 2(=(R")?Inx; + )+1.9-2r

W (20) — W (o) (%m (“2 - <R+)z>2:)> < 0

which holds for all r € [R™, R*] with
R~ =
Rt = 2

by inspection of the graphs, in figure 1, figure 2, figure 3, figure 4, and figure
5.
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jump (+/-)

Figure 4: Condition 3: jump(+/-). Figure 5: Condition 4: jump(-/+).

4 Conclusion

In a companion paper of this journal we discuss an example of a dynamical
system with discontinuous right-hand side (1) defined by equations (2) and (3).
We apply classical smooth dynamical systems theory in showing global stability
of nonsmooth periodic orbits. Thus we first calculate an explicit solution of
a dynamical system defined by a set of ordinary differential equations with
discontinuous right-hand side by separation of variables, and then show that
this nonsmooth periodic orbit is globally stable by application of a Poincaré
map. In this paper, however, we consider an alternative approach to the same
example. To show that a periodic orbit is exponentially asymptotically stable
the new theory requires to calculate the four conditions of theorem 1, hence
conditions (6), (7), (13), and (15). The theory discussed here does not require
the calculation of the explicit solution of the dynamical system in (1). This is
the main advantage of our theory. However, the theory considered in this paper
requires finding the functions W=*, which, might not be easy in more complex
applications. Yet, there is no general theory available to find such functions.
In the case presented here, however, we managed to find such functions and
by inspection of the graphs in figure 1, figure 2, figure 3, figure 4, and figure 5
we conclude that the conditions of the theorem 1 are all satisfied.
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