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High-dimensional integrals

* Generalised Gaussian integrals in mathematical finance
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* Ising integrals in mathematical physics
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* Weyl’s integrals in representation theory / random matrix theory
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Cross interpolation (for functions)
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Separation of variables
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Cross interpolation (for matrices)

AL,j) ~ A(i,j) = A(L,d) [A(, )] AT, 7).

2 2

mr+ 1 —1° parameters (SVD), mr 4+ 1™ —1° interpolation points

Dmitry Savostyanov



Interpolation (good)

Dmitry Savostyanov

13 13 1/
14 145 1/
RV R
16 1/7 1/8
/7 1/8 1/

1/3\

153 1/4

1/6\

1/7
1/3
1/9
1/10)

0 O 0
0 O 0 \

1.67 2.86 3.57

2.86 5.00 6.35

3.57 6.35 8.17

:/4 1A AN (a5 1 15 s
5] RO RV R,

x 1073

)



Interpolation (not so good)
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Quasioptimality [ Goreinoyv, Tyrtyshnikov, 2001 & 201 | }

9, = maxvol[A(1,)],  A(4,j) = A(i,d) [A(J,0)] A(9,]).

|A - Al < (T + 1) minrankX:r ”A - XH

|A — Al < (T + | )2 minranszr ‘A — X|
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Interpolation (maximum—volume)
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Interpolation (cross algorithm, step 1)
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Interpolation (cross algorithm, step 2)
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Matrix formula for tensor case

Aliry ..oyl ity .-y td) = Allcr isk) & Alicr isy)
Al Iok) A (T« T )] A(J<ky 1k)
A

(1. iy Tor) ATy T ATk st « -+ - 1)

Error estimate

A—A| < (e + 1) min|A = X|
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Separation of variables on a dimension tree
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TT—cross interpolation formula [ Oseledets, Tyrtyshnikov, 2010 }
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Al i, ia) = Al Io) AT, T T A<, i, 922) [A(T<2, T52)] o  A(Tcaty i)
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Theorem (Quasioptimality) | Savostyanov, LAA 2014 |
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If [J<k,I>x] = maxvol[A (icy,i-k)] then
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T =maxTy, K= maxKy, Kg= rk|A|IA]:1|
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Theorem (Interpolation) | Savostyanov, LAA 2014 |
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If indices are nested

ok € ok = 1okt € Jokq,y iék < jék = i<k—1 S jgk—h
then interpolation formula interpolates in all points
ATyl Isk) = AlT <1, iy I, k=1,...,d.
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DMRG-like restricted greedy interpolation | Savostyanov, LAA 2014 |
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do k=1,...,d—1 (half-sweep)
* Find a pivot i* = (if,...,1}) in [A(TS M, L T8
* Add i, to Jg, and iy to Jux

» Update the TT—cores k and k + 1 of the interpolation A

. 1 : :
Complexity is Zﬁzl T 1Tk — 2321 T tensor entries plus O(dnr?) operations
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Runtime wrt mode size for A(iy,...,13) =1/ i% + -+ ifi

log, time (sec.)
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Strictly linear
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Runtime wrt dimension for A(iy,...,14) =1/ i% + -+ iﬁ

log, time (sec.)
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Scales from O(d'?) to O(d'?)
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Runtime wrt rank for A(i,...,14) =1/ i% + - —l-ié
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Accuracy of interpolation

Reconstruct n¢ = (219)32 = 2320 ~ 10'%° = googol entries
from dnr? =32 - 219 . 502 ~ 8 - 10’ samples = 1.2 GB of data
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Generalised Gaussian integral

d/2
J e X My = 27)
Rd det(A)
c A= [ —h- ”] PR d = 100, n = 50 nodes in each mode

* n4 =50'" quadrature nodes overall — curse of dimensionality
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Stochastic PDE
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Karhunen-Loéve expansion

—VX((I(X, 5)VXU(X> Ev)) =1 xe€ [O> ”
U,(X,E) =0 x E{O>1}

d

ax,£) = exp (Z . cos(kmc)ak>

k=1

« d ~ 10 parameters & € [—1,1]

* n = 15 LG quadrature points per &y
* n¢ = 15" PDEs to solve

* curse of dimensionality

* apply tensor formats
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Stochastic PDE

- QMC(y =2) —TT(y =2)
- QMC(y =3) —TT(y =3)

I QMC(y =4) — TT(y = 4)

* TT-cross interpolation converges faster than Quasi Monte Carlo
* TT-cross interpolation likes smooth coefficients

* Quasi Monte Carlo still works better when low accuracy is required
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Parallel implementation
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Related work
* [ Grasedyck et al, Comput. Visual. Sci. 2015 | Parallel random sampling in HT

* [ Etter, SISC 2016 | Parallel ALS for solving linear systems
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Scalability

log;, time

* implemented in Fortran+MPI
* sequential code scales quadratically with d

* parallel code scales linearly with d (each element costs ~ d)
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Conclusion

* tensor interpolation is accurate (for maxvol sets)
* tensor interpolation formula interpolates (for nested sets)

* tensor interpolation algorithm is fast, scalable and reliable
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