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The sensitivity of the stochastic response of linear behaving structures controlled by the novel
Vibrating Barrier (ViBa) device is scrutinized. The Vibrating Barrier (ViBa) is a massive
structure, hosted in the soil, calibrated for protecting structures by exploiting the structure-soilstructure interaction effect. Therefore the paper addresses the study of the sensitivity of soilstructure coupled systems in which the soil is modelled as a linear elastic medium with hysteretic
damping. In order to accomplish efficient sensitivity analyses, a reduced model is determined
by means of the Craig-Bampton procedure. Moreover, a lumped parameter model is used for
converting the hysteretic damping soil model rigorously valid in the frequency domain to the
approximately equivalent viscous damping model in order to perform conventional time-history
analysis. The sensitivity is evaluated by determining a semi-analytical method based on the
dynamic modification approach for the case of multi-variate stochastic input process. The
ground motion is modelled as non-stationary zero-mean Gaussian random process defined by a
given evolutionary Power Spectral Density function. The paper presents the sensitivity of the
response statistics of a model of an industrial building, passively controlled by the ViBa, to
relevant design parameters. Comparisons with pertinent Monte Carlo Simulation will show the
effectiveness of the proposed approach.
Keywords: Structure-Soil-Structure Interaction, hysteretic damping, Craig-Bampton method,
sensitivity analysis, stochastic response, Vibrating Barriers.
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1 Introduction
Unpredicted vibrations due to ground motion earthquakes cause severe damages to the structural
components that lead to the deterioration or collapse of buildings. Although several techniques and
strategies of Vibration Control can be adopted for the seismic design of new structures or seismic
retrofit of existing buildings, every approach is based on the direct design or intervention on the
members or on the control systems belonging to the structure. Conversely, for heritage buildings,
strong interventions are avoidable to preserve the authenticity and integrity of the historic character of
the monument; moreover, most of the existing private buildings are seismically deficient requiring an
important cost impact for their seismic protection. In this context, a novel passive control device called
Vibrating Barrier (ViBa), has been recently proposed by Cacciola (2012). The Vibrating Barrier is a
massive structure, hosted in the soil and detached from the other structures, calibrated for absorbing
portion of the ground motion input energy. The aim is to reduce the vibrations of neighborhood
structures by exploiting the structure-soil-structure interaction (SSSI) effect, i.e. the dynamic influence
among vibrating structures caused by the wave propagation through the soil. To achieve this goal, the
proper calibration of the ViBa parameters is required. Readers can refers to the work of Cacciola et
al. (2015) and Cacciola and Tombari (2015) for an in-depth study of the ViBa. In this regard,
uncertainty clearly plays a relevant role in the ViBa design. The uncertainties such as the random
nature of the seismic action and the dispersion of the mechanical properties of both the structure and
the soil result in a substantial difference between the actual and the computed seismic response.
Therefore, sensitivity analysis is crucial to understand the impact of inaccurate model parameters on
the structural response.
Probably one the earliest contribution to sensitivity analysis in structural mechanics are due to Fox
and Kapoor (1968). In the framework of stochastic mechanics several papers have been devoted to
study the sensitivity of the response of structural systems subjected to stochastic excitations (see e.g.
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Szopa 1985, Hien and Kleiber 1991, Huang and Socha 1993, Huang and Soong 1994, Benfratello et
al. 2000). More recently, Bhattacharyya and Chakraborty (2002) extended Neumann expansion
method within the framework of Monte Carlo simulation for sensitivity analysis of dynamic systems
subjected to ground motion acceleration modelled by a stationary process. Chaudhuri and Chakraborty
(2004) determined the response sensitivity in the frequency domain of structures subjected to nonstationary seismic processes. Cacciola et al. (2005) proposed a method to determine the sensitivity of
second order statistics of linear structures forced by Gaussian excitation. Marano et al. (2008)
performed a parametric sensitivity analysis of the spectral response of a stochastic SDOF system
subjected to a nonstationary seismic action with respect to uncertain soil parameters. Liu (2012a,b)
and Liu and Paavola (2014) proposed numerical methods for calculation of the sensitivity and Hessian
matrix of the response of structures subjected to uniformly modulated evolutionary random excitation.
Johnson and Wojtkiewicz (2014), proposed a high computationally efficient approach for the
computation of the sensitivities of power spectral densities, and mean-square responses of a structural
system. Recently, Sarkar and Ghosh (2015) proposed a hybrid method to study the sensitivity of the
stochastic response of linear behaving structures considering both uncertainties in the structural
parameters and in the external input.
In this paper, the semi-analytical modal procedure proposed by Cacciola et al. (2005), has been
extended in order to consider multi-variate Gaussian stochastic load process. The method allows the
evaluation of the sensitivity of the nodal response of large MDOF systems in the modal space
corresponding to the nominal values. In this regard, the method proposed in this paper allows the
sensitivity analysis in the reduced model derived by means of the Craig-Bampton procedure (Bampton
and Craig 1968). The effects of interaction between the structure and the soil, namely the soil-structure
interaction (SSI), are considered according to the substructure approach proposed by Kausel (1978) in
which the soil is simulated by dynamic impedances subjected to seismic forces. The soil impedances
are contained in the dynamic stiffness matrix computed by boundary element method (BEM) and
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accounts for hysteretic soil damping (Neumark 1957). Furthermore, a Lumped Parameter Model
(LPM) composed of frequency-independent parameters, is used for converting the exact soilfoundation reference hysteretic model formulated in the frequency domain to an approximately
equivalent viscous model in the time domain. Time domain sensitivity analysis of the stochastic
response through the LPM reduced model. Finally, numerical studies are carried out for investigating
the stochastic response of a model of an Industrial Building passively controlled by the novel Vibrating
Barrier device with respect to relevant design parameters.

2 Problem formulation of the global model
Consider the large global n-degree of freedom (n-DOF) structural linear system depicted in Figure 1.
The dynamic governing equations of motion are casted in the frequency domain as follows:
�𝐊𝐊 glob (ω) − ω2 𝐌𝐌glob + 𝑖𝑖ω𝐂𝐂glob �𝐮𝐮(ω) = 𝐟𝐟(ω)

(1)

where 𝑖𝑖 = √−1; 𝐌𝐌glob , 𝐂𝐂glob, and 𝐊𝐊 glob (ω) are the real [n x n] global mass, damping and stiffness

matrices respectively; 𝐮𝐮(ω) and 𝐟𝐟(ω) corresponds to the [n x 1] vectors of the nodal absolute
displacements and the applied forces in the frequency domain (ω is the circular frequency).

The global system is partitioned in three subdomains or sub-structures, namely the structure to be
protected hereafter referred in the paper by the subscript [∙]str , the ViBa device, indicated by the
subscript [∙]ViBa , and the soil-foundations interface denoted by [∙]SF .
Therefore, Eq. (1) is restated as:
𝐊𝐊 ViBa
�� 𝟎𝟎
𝐊𝐊 SF,ViBa

𝟎𝟎
𝐊𝐊 str
𝐊𝐊 SF,str

𝐊𝐊 ViBa,SF
𝐌𝐌ViBa
𝟎𝟎
𝐌𝐌ViBa,SF
𝐊𝐊 str,SF � − ω2 � 𝟎𝟎
𝐌𝐌str
𝐌𝐌str,SF �
𝐊𝐊 SF
𝐌𝐌SF,ViBa 𝐌𝐌SF,str
𝐌𝐌SF
𝐂𝐂ViBa
𝟎𝟎
𝐂𝐂ViBa,SF
𝐮𝐮ViBa (ω)
𝟎𝟎
𝐂𝐂str
𝐂𝐂str,SF �� � 𝐮𝐮str (ω) � = � 𝟎𝟎 �
+ 𝑖𝑖ω � 𝟎𝟎
𝐟𝐟SF (ω)
𝐂𝐂SF,ViBa 𝐂𝐂SF,str
𝐂𝐂SF
𝐮𝐮SF (ω)
(2)
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The vector 𝐮𝐮(ω) is hence divided into the [p x 1]-vector of the ViBa, 𝐮𝐮ViBa , the [q x 1]-vector of the

structure, 𝐮𝐮str , and the [r x 1]-vector of the soil-foundations system 𝐮𝐮SF . The mass 𝐌𝐌str , damping
𝐂𝐂str and stiffness 𝐊𝐊 str [q x q]-matrices of the structure are derived by the traditional finite element

approach as well the [p x p]-matrices, 𝐌𝐌ViBa , 𝐂𝐂ViBa , 𝐊𝐊 ViBa of the ViBa. The [r x r]-matrices 𝐌𝐌SF ,

𝐂𝐂SF , and 𝐊𝐊 SF are the matrices of the nodes at the soil-foundations interface determined by the
substructure approach proposed by Kausel (1978); by defining 𝐊𝐊 dyn (ω) as the dynamic stiffness
matrix, that can be decomposed in the real part (Re) and imaginary part (Im) as:
𝐊𝐊 dyn (ω) = Re�𝐊𝐊 dyn (ω)� + 𝑖𝑖Im�𝐊𝐊 dyn (ω)�

(3)

the following relations are derived: 𝐌𝐌SF = 𝐌𝐌F , 𝐂𝐂SF = 𝐂𝐂F + Im�𝐊𝐊 dyn (ω)�⁄ω and

𝐊𝐊 SF = 𝐊𝐊 F + Re�𝐊𝐊 dyn (ω)�; 𝐌𝐌F , 𝐂𝐂F , and 𝐊𝐊 F the mass, damping and stiffness [r x r]-matrices of the
foundation itself, respectively.

The dynamic stiffness matrix 𝐊𝐊 dyn (ω) is determined in order to take into account the effects of the

soil, such as the soil-foundation interaction (SFI), the foundation-soil-foundation interaction (FSFI),
the hysteretic damping as well as the radiation (or geometric) damping without resorting to a large
finite element model of the soil. The dynamic impedance matrix is computed by condensing out the
entire soil-foundations system onto the foundation interfaces in the frequency domain. It relates the
displacements in the nodes on the structure-soil interface to the interaction forces 𝐟𝐟s (ω) of the

unbounded soil. Both dynamic impedance matrix 𝐊𝐊 dyn (ω) and the interaction force vector 𝐟𝐟s (ω) are

obtained from linear elastodynamic problems solved by means of Boundary Element Method (BEM)
approach. BEM is based on the validity of the superposition principle and hence, it is conveniently
formulated in the frequency domain where hysteretic damping is rigorously valid because of its noncausal nature (Crandall 1970, Spanos and Zeldin 2000).
The vector 𝐟𝐟SF (ω) collects the loads at the soil-foundation interface due to the free-field motion as

follows:
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𝐟𝐟SF (ω) = 𝐟𝐟s (ω)ug (ω)

(4)

where 𝐟𝐟s (ω) is the [r x 1] seismic force vector calculated at the interface for an unit harmonic

displacement by means of the BEM analysis and ug (ω) is the free field motion displacement at the
ground surface.

3 Determination of the reduced model
In this paper, the Craig-Bampton (Bampton and Craig 1968) reduction method for modal
substructuring is applied in order to determine the reduced model used to perform efficient timedomain sensitivity analysis.

The first step involves the conversion of both impedance matrix,

𝐊𝐊 dyn (ω), and the interaction forces 𝐟𝐟s (ω) from the frequency into the time domain by adopting the

lumped-parameter model (LPM) approach. The LPM is constituted by a combination of frequency independent springs, dashpots and masses opportunely calibrated in order to simulate the dynamic
behavior in the frequency domain consistent to that obtained from the BEM analysis. The calibration
of the parameters of the LPM contained in the matrices 𝐊𝐊 LPM , 𝐌𝐌LPM , and 𝐂𝐂LPM , is based on the

approximation of each frequency-dependent component of the impedance matrix 𝐊𝐊 dyn (ω) by means
of a least-square regression procedure as follows:
j,k

j,k

j,k

j,k

(5)
K dyn (ω) ≅ K LPM − ω2 MLPM + 𝑖𝑖ωCLPM (j, k = 1, … , r)
in a given frequency range 0 < ω < ωcut_off . Therefore, by using the frequency-independent matrices

of Eq. (5), Eq. (1) can be converted in the time domain as follows:
𝐌𝐌𝐮𝐮̈ (t) + 𝐂𝐂𝐮𝐮̇ (t) + 𝐊𝐊𝐊𝐊(t) = 𝐟𝐟(t)

(6)

where 𝐮𝐮̈ (t) , 𝐮𝐮̇ (t) , and 𝐮𝐮(t) corresponds to the [n x 1] vectors of the nodal absolute accelerations,

velocities and displacements as functions of time t, and 𝐟𝐟(t) is the [n x 1] vector of nodal time-varying
applied forces derived by the inverse Fourier transform of the force vector 𝐟𝐟(ω) of Eq. (1).
6

The mass, damping and stiffness matrix namely, 𝐌𝐌, 𝐂𝐂, and 𝐊𝐊 are the approximated matrices of their

corresponding 𝐌𝐌glob, 𝐂𝐂glob, and 𝐊𝐊 glob of Eq. (2) where the following relations are used:
𝐌𝐌SF = 𝐌𝐌F + 𝐌𝐌LPM
Im�𝐊𝐊 dyn (ω)�
𝐂𝐂SF = 𝐂𝐂F +
≅ 𝐂𝐂F + 𝐂𝐂LPM
ω
𝐊𝐊 SF = 𝐊𝐊 F + Re�𝐊𝐊 dyn (ω)� ≅ 𝐊𝐊 F + 𝐊𝐊 LPM

(7)

𝐊𝐊 F , 𝐌𝐌F and 𝐂𝐂F are the stiffness, the mass and the viscous damping [r x r]-matrices of the foundation
itself. Eq. (6) can be rewritten in the following form:
𝐌𝐌ViBa
� 𝟎𝟎
𝐌𝐌SF,ViBa

𝟎𝟎
𝐌𝐌str
𝐌𝐌SF,str

𝐌𝐌ViBa,SF
𝐂𝐂ViBa
𝐌𝐌str,SF � 𝐮𝐮̈ (t) + � 𝟎𝟎
𝐌𝐌F + 𝐌𝐌LPM
𝐂𝐂SF,ViBa
𝐊𝐊 ViBa
+ � 𝟎𝟎
𝐊𝐊 SF,ViBa

𝟎𝟎
𝐊𝐊 str
𝐊𝐊 SF,str

𝟎𝟎
𝐂𝐂str
𝐂𝐂SF,str

𝐂𝐂ViBa,SF
𝐂𝐂str,SF � 𝐮𝐮̇ (t)
𝐂𝐂F + 𝐂𝐂LPM

𝐊𝐊 ViBa,SF
𝐊𝐊 str,SF � 𝐮𝐮(t) = 𝐟𝐟(t)
𝐊𝐊 F + 𝐊𝐊 LPM

(8)

Afterwards, the Craig-Bampton method is applied. The method consists of partitioning the global
system into two or more subdomains by holding the boundary conditions fixed and then combining
the fixed base modal shapes with the constraint modes of the common interface by means of a modal
synthesis. Hereafter, the formulation is specialized to the specific case involved in the paper and
depicted in Figure 1 even though it can be easily generalized to include more structures and ViBa
devices. The physical coordinates 𝐮𝐮, are transformed to a hybrid set of physical coordinates at the
boundary 𝐮𝐮SF , and modal coordinates at the interior points of the structure, 𝐪𝐪str, and of the ViBa,

str
𝐪𝐪ViBa . By truncating the modal coordinates to smaller sets, let indicate with 𝛙𝛙ViBa
[pxi] and 𝛙𝛙[qxl] the [p

x i] and [q x l]-matrices of the dynamic modal shapes obtained by conventional eigenvalues problem
str
and with 𝛟𝛟ViBa
[pxr] and 𝛟𝛟[qxr] the [p x r] and [q x r] matrices of interface modal shapes of ViBa and

structure, respectively. The constraint modes or interface modes 𝛟𝛟 relate the rigid body static unit

displacements at the interface 𝐮𝐮SF to the physical displacements of the elastic degrees of freedom 𝐮𝐮.

Furthermore, in the case of rigid foundation, the number of constraint modes contained in 𝛟𝛟 is sensibly
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reduced according to the number of degree of freedoms of the foundation master nodes. Therefore,
the generalized coordinate [m= i+l+r]-vector 𝐪𝐪 is given by:
𝐪𝐪T = [𝐪𝐪ViBa 𝐪𝐪str 𝐮𝐮SF ]

(9)

And it is related to the physical coordinates 𝐮𝐮, by means of the following relation:
𝐮𝐮ViBa
𝐪𝐪ViBa
� 𝐮𝐮str � = 𝐏𝐏 � 𝐪𝐪str �
𝐮𝐮SF
𝐮𝐮SF

(10)

where P is the reduced Craig-Bampton transformation matrix:

𝐏𝐏[nxm]

𝛙𝛙ViBa
[pxi]
= � 𝟎𝟎[qxi]
𝟎𝟎[rxi]

𝛟𝛟ViBa
[pxr]

𝟎𝟎[pxl]

𝛙𝛙str
[qxl]
𝟎𝟎[rxl]

𝛟𝛟str
[qxr] �
𝐈𝐈[rxr]

(11)

Note that the physical displacements of the interior points are computed by
𝐮𝐮
= 𝛙𝛙ViBa 𝐪𝐪ViBa + 𝛟𝛟ViBa 𝐮𝐮SF
� ViBa
𝐮𝐮str = 𝛙𝛙str 𝐪𝐪str + 𝛟𝛟str 𝐮𝐮SF

(12)

The projection of the dynamic governing Eq. (7) over the base P, yields to the Craig-Bampton
equation of motion of the reduced model in the time domain:
𝐏𝐏 T 𝐌𝐌𝐌𝐌𝐪𝐪̈ (t) + 𝐏𝐏 T 𝐂𝐂𝐂𝐂𝐪𝐪̇ (t) + 𝐏𝐏 T 𝐊𝐊𝐊𝐊𝐊𝐊(t) = 𝐏𝐏 T 𝐟𝐟(t)

(13)

where the size of each reduced matrices 𝐏𝐏 T 𝐌𝐌𝐌𝐌, 𝐏𝐏 T 𝐂𝐂𝐂𝐂, and 𝐏𝐏 T 𝐊𝐊𝐊𝐊 is [m x m] with m << n.

Furthermore, in case of rigid foundation, the number of constraint modes is sensibly reduced to r =

12 corresponding to the degree of freedoms of the master nodes of the two foundations involved in
this paper. Remarkably, it has to be emphasized that the use of frequency-independent LPM allows
the transformation of hysteretic damping model for the soil strictly valid only in the frequency domain
to a viscous damping model used in the conventional time-history analysis.
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4 Dynamic response sensitivity for deterministic load
In this section, the sensitivity of the reduced model obtained by projection of the global system onto
the Craig-Bampton base is investigated. The first-order sensitivity of the deterministic response of the
system is evaluated by means of the approach presented in Cacciola et al. (2005). The standard
sensitivity analysis entails the evaluation of the derivative of the response of the system with respect
to significant system parameters, collected in the vector 𝛂𝛂. According to the dynamic modification

approach (Muscolino 1996), the significant system parameters are defined in the neighbourhood of
prefixed values, called nominal parameter values. Therefore, by denoting with 𝛂𝛂0 the vector of the

nominal parameters, the vector 𝛂𝛂 of the actual values is estimated as 𝛂𝛂 = 𝛂𝛂0 + 𝚫𝚫𝚫𝚫, where 𝚫𝚫𝚫𝚫 lists the
small parameter variations from the nominal values. Due to the dependence of the system on the actual
values of 𝛂𝛂, let the vector of state variables 𝐳𝐳(𝛂𝛂, t) of order [2m x 1] be introduced in the form:
𝐳𝐳(𝛂𝛂, t) = �

𝐪𝐪(𝛂𝛂, t)
�
𝐪𝐪̇ (𝛂𝛂, t)

(14)

Therefore, from Eq. (13), the governing equations of motion in state variable modal space for the
reduced model, are derived as follows:

where:

𝐳𝐳̇ (𝛂𝛂, t) = 𝐃𝐃(𝛂𝛂)𝐳𝐳(𝛂𝛂, t) + 𝐕𝐕(𝛂𝛂)𝐟𝐟(𝛂𝛂, t)

𝟎𝟎[mxm]
𝐃𝐃(𝛂𝛂) = � � −1 T
−𝐌𝐌𝛂𝛂 𝐏𝐏𝛂𝛂0 𝐊𝐊(𝛂𝛂)𝐏𝐏𝛂𝛂0

� 𝛂𝛂 = 𝐏𝐏𝛂𝛂T 𝐌𝐌(𝛂𝛂)𝐏𝐏𝛂𝛂 , and
with 𝐌𝐌
0
0

𝐈𝐈[mxm]
−1
� 𝛂𝛂 𝐏𝐏𝛂𝛂T 𝐂𝐂(𝛂𝛂)𝐏𝐏𝛂𝛂 �
−𝐌𝐌
0
0

𝟎𝟎[mxm]
𝐕𝐕(𝛂𝛂) = � � −1 T �
𝐌𝐌𝛂𝛂 𝐏𝐏𝛂𝛂0

(15)

(16)

(17)

The force vector 𝐟𝐟(𝛂𝛂, t) lists the load applied to the structure and the explicit dependence on 𝜶𝜶 arises

from the seismic force 𝐟𝐟SF defined at the soil-structure interface level:
9

∞

𝐟𝐟SF (𝛂𝛂, t) = � 𝐟𝐟s (𝛂𝛂, t − τ)ug (τ)𝑑𝑑𝑑𝑑

(18)

−∞

where ug (t) is the inverse Fourier transform of the free field motion used in Eq. (4) The reduced

Craig-Bampton transformation matrix 𝐏𝐏𝛂𝛂0 is evaluated according to Eq. (11) in correspondence of the

nominal values 𝛂𝛂0 .

It is worth mentioning that Eq. (15) represents the equation of motion in state variable modal space

for the reduced model. The solution of Eq. (15) in integral form can be written as:
𝐭𝐭

𝐳𝐳(𝑡𝑡) = 𝛉𝛉0 (t − t 0 )𝐳𝐳(t 0 ) + � 𝛉𝛉0 (t − τ)𝐕𝐕0 𝐟𝐟(τ) dτ

(19)

𝐭𝐭 𝟎𝟎

where 𝛉𝛉0 (t) is the transition matrix given by :

𝛉𝛉0 (t) = exp(𝐃𝐃t)

(20)

Once the modal response is determined, the conventional response in nodal space in terms of
displacements is obtained as follows:
𝐮𝐮(t) = 𝐏𝐏𝐏𝐏(t) = 𝐏𝐏[𝐈𝐈[mxm]

𝟎𝟎[mxm] ]𝐳𝐳(t)

(21)

The evolution of the deterministic sensitivity in the neighbourhood of nominal values 𝛂𝛂0 , is obtained

by differentiating Eq. (15) with respect to ith significant parameter αi ; therefore, it is governed by the
following first-order differential equations:

𝐬𝐬̇ z,i (𝛂𝛂0 , t) = 𝐃𝐃(𝛂𝛂0 )𝐬𝐬z,i (𝛂𝛂0 , t) + 𝐀𝐀 i (𝛂𝛂0 )𝐳𝐳(𝛂𝛂0 , t) + 𝐁𝐁i (𝛂𝛂0 )𝐟𝐟(𝛂𝛂0 , t) + 𝐕𝐕(𝛂𝛂0 )𝐠𝐠 i (𝛂𝛂0 , t)

(22)

where by denoting with [∙]I the derivative of the matrices with respect to ith significant parameter αi :
𝐀𝐀 i (𝛂𝛂0 ) =

∂
𝟎𝟎
𝟎𝟎
𝐃𝐃(𝛂𝛂)�
= �−𝐚𝐚 (𝛂𝛂 ) −𝐚𝐚 (𝛂𝛂 )�
∂αi
1,i
0
2,i
0
𝛂𝛂=𝛂𝛂0

in which the quantity 𝐚𝐚1,i (𝛂𝛂0 ) is
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(23)

� 𝛂𝛂−1 𝐌𝐌
� 𝛂𝛂I ,i 𝐌𝐌
� 𝛂𝛂−1 𝐏𝐏𝛂𝛂T 𝐊𝐊𝐏𝐏𝛂𝛂 + 𝐌𝐌
� 𝛂𝛂−1 𝐏𝐏𝛂𝛂T 𝐊𝐊 Ii 𝐏𝐏𝛂𝛂
𝐚𝐚1,i = −𝐌𝐌
0
0
0
0
0
0
𝟎𝟎
0

(24)

and the quantity 𝐚𝐚2,i (𝛂𝛂0 ) is

� 𝛂𝛂−1 𝐌𝐌
� 𝛂𝛂I ,i 𝐌𝐌
� 𝛂𝛂−1 𝐏𝐏𝛂𝛂T 𝐂𝐂𝐏𝐏𝛂𝛂 + 𝐌𝐌
� 𝛂𝛂−1 𝐏𝐏𝛂𝛂T 𝐂𝐂iI 𝐏𝐏𝛂𝛂
𝐚𝐚2,i = −𝐌𝐌
0
0
0
0
0
0
0
0

(25)

� 𝛂𝛂 = 𝐏𝐏𝛂𝛂T 𝐌𝐌(𝛂𝛂0 )𝐏𝐏𝛂𝛂 is used and the arguments are
In the above equations, the following position 𝐌𝐌
0
0
0

omitted. Finally, 𝐁𝐁i (𝛂𝛂0 ) is:

𝟎𝟎[mxm]
𝐁𝐁i (𝛂𝛂0 ) = � � −1 � I � −1 T �
−𝐌𝐌𝛂𝛂0 𝐌𝐌𝛂𝛂0 ,i 𝐌𝐌𝛂𝛂0 𝐏𝐏𝛂𝛂0

and

𝐠𝐠 i (𝛂𝛂𝟎𝟎 , t) =

∂𝐟𝐟(𝛂𝛂, t)
�
∂αi 𝛂𝛂=𝛂𝛂

(26)

(27)

𝟎𝟎

Therefore, the sensitivity of the response of the non-classically damped system is obtained by
numerically integrating the sensitivity equation of Eq. (19) by means of the same numerical procedure
adopted to solve the governing equation of the motion Eq. (15) due to their similar mathematical
structure once the pseudo-force is set as:
𝐅𝐅�(𝛂𝛂𝟎𝟎 , 𝑡𝑡) = 𝐀𝐀 i (𝛂𝛂𝟎𝟎 )𝐳𝐳(𝛂𝛂𝟎𝟎 , t) + 𝐁𝐁i (𝛂𝛂𝟎𝟎 )𝐟𝐟(𝛂𝛂𝟎𝟎 , t) + 𝐕𝐕(𝛂𝛂𝟎𝟎 )𝐠𝐠 i (𝛂𝛂𝟎𝟎 , t)

(28)

Finally, the sensitivity response of the displacements in the nodal space is straightforward evaluated
as follows:
𝐬𝐬u,i (𝛂𝛂𝟎𝟎 , t) = 𝐏𝐏𝛂𝛂0 [𝐈𝐈[mxm]

𝟎𝟎[mxm] ]𝐬𝐬z,i (𝛂𝛂𝟎𝟎 , t)

(29)

This method allows the evaluation of the sensitivity response according to the dynamic modification
approach in which the Craig-Bampton transformation matrix is determined at the nominal values 𝛂𝛂0
11

and not at the exact values 𝛂𝛂. Therefore, the following approximation 𝐏𝐏(𝛂𝛂) ≅ 𝐏𝐏𝛂𝛂0 is done; the error

in the results is small if the modal shapes is not sensibly affected from the parameters 𝛂𝛂.

5 Dynamic response sensitivity for stochastic load process

In this section, the sensitivity of the response for a system subjected to non-stationary zero mean
Gaussian stochastic load process is accomplished. Consider the filtered multi-variate process fully
defined by the knowledge of its power spectral density matrix:
𝟎𝟎
𝐒𝐒FF (ω, t) = � 𝟎𝟎 � [𝟎𝟎
𝐟𝐟s (ω)

𝟎𝟎

𝐟𝐟s∗ (ω)]Sg (ω, t)

(30)

where [∙]∗ denotes the conjugate transpose operator, and Sg (ω, t) is the power spectral density function

of the free field ground motion. The sensitivity of the stochastic response is evaluated in terms of
variation of the statistical state-space second-order moment; therefore a direct linear stochastic
differential equation of motion is determined.
The second-order moment of the response in the state variable space can be obtained as:
(2)
𝐦𝐦𝐙𝐙 (𝛂𝛂, t) = E[𝐙𝐙(𝛂𝛂, t)⨂𝐙𝐙(𝛂𝛂, t)] = Vec{E[𝐙𝐙(𝛂𝛂, t)𝐙𝐙T (𝛂𝛂, t)]}

(31)

(2)
where E[∙] denotes mathematical expectation, the symbol ⨂ is the Kronecker product and 𝐦𝐦𝐙𝐙 (𝛂𝛂, t)

is the vectorialized form, Vec{∙}, of the cross-covariance matrix defined for the dynamically modified
system.

By differentiating Eq. (31) with respect the time, the evolution of the second-order statistical
moments of the response in the state variable space is determined after simple algebra:

where:

(2)
(2)
𝐦𝐦̇𝐙𝐙 (𝛂𝛂, t) = 𝐃𝐃𝟐𝟐 (𝛂𝛂)𝐦𝐦𝐙𝐙 (𝛂𝛂, t) + 𝐅𝐅2 (𝛂𝛂, t)

𝐅𝐅2 (𝛂𝛂, t) = [𝐈𝐈2m ⨂𝐕𝐕(𝛂𝛂)]E[𝐙𝐙(𝛂𝛂, t)⨂𝐟𝐟(𝛂𝛂, t)] + [𝐕𝐕(𝛂𝛂)⨂𝐈𝐈2m ]E[𝐟𝐟(𝛂𝛂, t)⨂𝐙𝐙(𝛂𝛂, t)]
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(32)

(33)

in which 𝐈𝐈2m = 𝐈𝐈[2mx2m] and, by using the Kronecker sum ⨁ :
𝐃𝐃2 (𝛂𝛂) = 𝐃𝐃(𝛂𝛂)⨁𝐃𝐃(𝛂𝛂)

(34)

Finally, the differential equations governing the evolution of the sensitivity of the second-order
statistical moments of the response in the state variable space is determined by differentiating Eq. (31)
with respect to ith significant parameter αi :

(2)
(2)
𝐬𝐬̇ 𝐙𝐙,i (𝛂𝛂0 , t) = 𝐃𝐃2 (𝛂𝛂0 )𝐬𝐬𝐙𝐙,i (𝛂𝛂0 , t) + 𝐅𝐅�2 (𝛂𝛂0 , t)

(35)

where the pseudo-force 𝐅𝐅�2 (𝛂𝛂0 , t) lists the cross-correlation terms as follows:

(2)
𝐅𝐅�2 (𝛂𝛂𝟎𝟎 , t) = 𝐀𝐀 2,i (𝛂𝛂0 )𝐦𝐦𝐙𝐙 (𝛂𝛂0 , t) + [𝐈𝐈2m ⨂𝐁𝐁(𝛂𝛂0 )]E[𝐙𝐙(𝛂𝛂0 , t)⨂𝐟𝐟(𝛂𝛂0 , t)] +

[𝐁𝐁(𝛂𝛂0 )⨂𝐈𝐈2m ]E[𝐟𝐟(𝛂𝛂0 , t)⨂𝐙𝐙(𝛂𝛂, t)] + [𝐈𝐈2m ⨂𝐕𝐕(𝛂𝛂0 )]�E�𝐬𝐬z,i (𝛂𝛂0 , t)⨂𝐟𝐟(𝛂𝛂0 , t)� +

E[𝐙𝐙(𝛂𝛂0 , t)⨂𝐠𝐠 i (𝛂𝛂0 , t)]� + [𝐕𝐕(𝛂𝛂0 )⨂𝐈𝐈2m ]�E�𝐟𝐟(𝛂𝛂0 , t)⨂𝐬𝐬z,i (𝛂𝛂0 , t)� + E[𝐠𝐠 i (𝛂𝛂0 , t)⨂𝐙𝐙(𝛂𝛂0 , t)]� (36)

with

𝐀𝐀 2,i (𝛂𝛂0 ) = 𝐀𝐀 i (𝛂𝛂0 )⨁𝐀𝐀i (𝛂𝛂0 )

(37)

Consider the input as non-stationary zero-mean Gaussian stochastic process fully defined by the
power spectral density (PSD) matrix function 𝐒𝐒FF (𝛂𝛂, ω, t) as defined in Eq. (30). After simple algebra,

the stochastic averages E[𝐙𝐙(𝛂𝛂, t)⨂𝐟𝐟(𝛂𝛂, t)] and E[𝐟𝐟(𝛂𝛂, t)⨂𝐙𝐙(𝛂𝛂, t)] of Eq. (36) are obtained as follows:
∞

E[𝐙𝐙(𝛂𝛂, t)⨂𝐟𝐟(𝛂𝛂, t)] ≅ � [𝐇𝐇0∗ (ω, 𝛂𝛂)⨂𝐈𝐈m ] Vec{𝐒𝐒FF (𝛂𝛂, ω, t)}dω

(38)

−∞

and
∞

E[𝐟𝐟(𝛂𝛂, t)⨂𝐙𝐙(𝛂𝛂, t)] ≅ � [𝐈𝐈m ⨂𝐇𝐇0 (ω, 𝛂𝛂)] Vec{𝐒𝐒FF (𝛂𝛂, ω, t)}dω
−∞

(39)

in which 𝐈𝐈m = 𝐈𝐈[mxm] . The matrix 𝐇𝐇0 (ω, 𝛂𝛂) is the transfer function matrix of the system in the

frequency domain:
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𝐇𝐇0 (ω, 𝛂𝛂) = [iω𝐈𝐈2m − 𝐃𝐃(𝛂𝛂)]−1 𝐕𝐕(𝛂𝛂)

(40)

It should be emphasized that the relations in Eq. (38) and in Eq. (39) are exact only in case of

stationary input, that it SFF (ω, t) = SFF (ω) . For weakly nonstationary systems they provide a

satisfactory approximation. For a rigorous evaluation of the cross statistics the approach described in

Di Paola and Petrucci (1990) and Cacciola and Muscolino (2011) herein omitted for simplicity sake
can be adopted alternatively.
Moreover, by differentiating Eq. (38) and Eq. (39) with respect to the sensitivity parameter 𝛂𝛂, the

cross-correlation functions ∂E[𝐙𝐙(𝛂𝛂, t)⨂𝐟𝐟(𝛂𝛂, t)]�∂α = E�𝐬𝐬z,i (𝛂𝛂, t)⨂𝐟𝐟(𝛂𝛂, t)� + E[𝐙𝐙(𝛂𝛂, t)⨂𝐠𝐠 i (𝛂𝛂, t)]
i

and ∂E[𝐟𝐟(𝛂𝛂, t)⨂𝐙𝐙(𝛂𝛂, t)]�∂α = E�𝐟𝐟(𝛂𝛂, t)⨂𝐬𝐬z,i (𝛂𝛂, t)� + E[𝐠𝐠 i (𝛂𝛂, t)⨂𝐙𝐙(𝛂𝛂, t)] are derived as follows:
i

E�𝐬𝐬z,i (𝛂𝛂, t)⨂𝐟𝐟(𝛂𝛂, t)�

∞

≅ � �{[𝐇𝐇0∗ (ω, 𝛂𝛂)]−1 𝐀𝐀 i (𝛂𝛂)[𝐇𝐇0∗ (ω, 𝛂𝛂)]−1
−∞

and

+ [𝐇𝐇0∗ (ω, 𝛂𝛂)]−1 𝐁𝐁(𝛂𝛂)}⨂𝐈𝐈m �Vec{𝐒𝐒FF (𝛂𝛂, ω, t)}dω
∞

∂𝐒𝐒 (𝛂𝛂, ω, t)�
E[𝐙𝐙(𝛂𝛂, t)⨂𝐠𝐠 i (𝛂𝛂, t)] ≅ � [𝐇𝐇0∗ (ω, 𝛂𝛂)⨂𝐈𝐈m ] Vec � FF
∂α � dω
i

−∞

(41)

(42)

as well as
E�𝐟𝐟(𝛂𝛂, t)⨂𝐬𝐬z,i (𝛂𝛂, t)�

∞

≅ � �𝐈𝐈m ⨂{[𝐇𝐇0 (ω, 𝛂𝛂)]−1 𝐀𝐀 i (𝛂𝛂)[𝐇𝐇0 (ω, 𝛂𝛂)]−1

(43)

−∞

+ [𝐇𝐇0 (ω, 𝛂𝛂)]−1 𝐁𝐁(𝛂𝛂)}� Vec{𝐒𝐒FF (𝛂𝛂, ω, t)}dω
∞
∂𝐒𝐒 (𝛂𝛂, ω, t)�
E[𝐠𝐠 i (𝛂𝛂, t)⨂𝐙𝐙(𝛂𝛂, t)] ≅ ∫−∞[𝐈𝐈m ⨂𝐇𝐇0 (ω, 𝛂𝛂)] Vec � FF
∂α � dω
i

14

(44)

By calculating each cross-correlation term, the pseudo-force of Eq. (36) is derived and the sensitivity
of the response for a system subjected to zero mean Gaussian quasi-stationary stochastic load process
is determined accordingly.

6 Numerical Application
In this section, the proposed procedure is applied to investigate the sensitivity of the stochastic
response of the model of an Industrial Building protected by the ViBa as depicted in Figure 1. The
simple model of a industrial building, described in the report EPRI (2006), is chosen. The relevant
dimensions are summarized in Table 1. The structure is founded on 30m-thick soil deposit
characterized by shear wave velocity 𝑉𝑉𝑠𝑠 = 400 𝑚𝑚/𝑠𝑠 2 and hysteretic damping 𝜂𝜂𝑠𝑠 = 0.1 resting on stiff

bedrock with shear wave velocity of 𝑉𝑉𝑠𝑠 = 800 𝑚𝑚/𝑠𝑠 2 and hysteretic damping 𝜂𝜂𝑏𝑏𝑏𝑏𝑏𝑏 = 0.05. The ViBa
is externally modelled as a circular embedded foundation characterized by dimensions of the radius

and the embedded height equal to half as much as those related to the building as reported in Table 2.
Both structures are modelled by concrete shell elements. The internal structure of the ViBa is a
single oscillator characterized by the internal mass, 𝑚𝑚𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉 , the stiffness, 𝑘𝑘𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉 , and the damping ratio
𝜉𝜉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉 .

The structure is modelled according to the finite element approach by means of the Code_Aster

open source FE-software (2013) whereas the BEM formulation is used to model the soil by means of
Miss3D (Clouteau, 2005) ), available with SalomeMeca leading to 25651 DoFs. The sensitivity of the
stochastic response of the structure is investigated by means of the procedure proposed in this paper.
Firstly, a reduced model is obtained in order to capture the structural behavior by means of the CraigBampton procedure and the approximation of the foundation-soil-foundation model by LPM, which
consists of only 6 DoFs. According to the proposed procedure, the reduced global model is obtained
once the vector of generalized coordinates 𝐪𝐪T = [qxViBa , qxstr , uxSF,str , uθSF,str, uxSF,ViBa , uθSF,ViBa ] is
15

determined, where qxViBa and qxstr are the first generalized coordinates in x-direction of the ViBa and
structure, respectively; uxSF,str

uθSF,str

structure and ViBa, respectively.

uxSF,ViBa

uθSF,ViBa are the x-and θ - directions related to the

In order to formulate the model in the time domain, a lumped parameter model is determined for
approximating each component of the dynamic stiffness matrix 𝐊𝐊 dyn (ω) by frequency-independent

parameters obtained by linear least squares as depicted in Figures 2 – 3. As shown in the Figures the
frequency-independent parameters provide an excellent approximation of each respective component
of the dynamic stiffness matrix in the range 0-5 Hz. Also, the LPM used for the real part of the
i,j

foundations coupling impedances (see Figure 4), indicated by K dyn (ω) with i ≠ j, is obtained by
calibrating the elastic spring at the first fundamental frequency of the industrial building in the coupled
case, i.e. 3.65 Hz. Ground motion acceleration ü g (t) is modelled as a broadband uniformly modulated

process Sg (ω, t) = φ(t)Sw with the cut-off frequency of 5 Hz, Sw = 10−6 m2/s3 and modulating
function φ(t) given by:

φ(t) = 12.21(e−0.4t − e−0.5t )

(45)

Monte Carlo Simulation (MCS) is performed by generation of one hundred samples from the adopted
input process for both the reduced model and the exact reference model.
Results are focused on the seismic response of the Industrial Building recorded at the top of the dome.
For illustrative purpose figure 5 show two responses in acceleration achieved from the analysis of the
LPM model undergoing two randomly-selected ground motions and compared with the responses
obtained by the FEM model showing an excellent agreement. Moreover, in Figure 6 the power spectral
density functions obtained by averaging out the results of the MCS for both models, illustrate the
overall validity of the LPM model.
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Sensitivity analysis is performed by the procedure proposed in this paper. The mass mViBa of the

ViBa is initially assigned as 3.1 × 107 kg corresponding to the 55% of the mass of the Reactor
Building. As a difference from the other two structural parameters the mass mViBa , is not determined

by an optimization procedure but it is assigned by the designer taking into consideration further
technical issues such as the bearing capacity of the soil. Furthermore it can be measured a posteriori
so to use an accurate value for the design of the internal stiffness, k ViBa , as well as the damping ratio
ξViBa . As the mass mViBa is assigned, the optimization design procedure entails only two design
parameters. Therefore, the pertinent vector listing the ViBa design sensitivity parameters is: 𝛂𝛂 =

[k ViBa , ξViBa ] . The values of the vector of the nominal parameters, representing the optimal values

that minimize the stochastic response, are determined following the procedure proposed in Cacciola
and Tombari (2015) and Cacciola et al. (2015), namely:
𝛂𝛂0 = [1.8634E + 10 N/m 0.01]

(46)

It is worth emphasized that the sensitivity parameters vector,𝛂𝛂, can be extended to additional system
parameters of engineering interest.
In order to show the accuracy of the proposed procedure to determine the sensitivity of the stochastic
response of the coupled system in Figure 7a-b the curves of the sensitivity of the second-order moment
(2)

su,α (t) of the nodal displacement at the top of the structure with respect to the variation of the ViBa

stiffness k ViBa and damping ξViBa determined through Eq. (35) are compared with the results obtained

by MCS of the FEM model. The good matching between them point out the satisfactory overall
accuracy of the proposed method.
(2)
For design purpose the non-dimensional sensitivity sn (t) proposed in Cacciola et al (2005) given by

the following equation
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(2)
𝑠𝑠𝑛𝑛,𝑢𝑢,𝛼𝛼 (𝑡𝑡)

=

(2)

𝑠𝑠𝑢𝑢,𝛼𝛼 (𝑡𝑡)

(2)
𝑚𝑚𝑢𝑢 (𝑡𝑡)

𝛼𝛼0

(47)

is furthermore determined and depicted in Figure 8. Specifically, the non-dimensional sensitivity
(2)
sn (t) expresses the amplification of the variation of the second-order moment of the response due to

a small change in the pertinent nominal parameters. From the analysis of Figures 8, it is worth noting
that the structural response is sensible to a variation of the optimal parameter of stiffness k ViBa (Figure

8a) while the response is not significantly affected by a small e variation of the damping ξViBa , as
shown in Figure 8b.

Sensitivity analysis is furthermore performed in order to evaluate the effects on the stochastic
response of the structure due to small variations in the parameters of the LPM used to simulate the
structure-soil-structure interaction. This uncertainty derives from the dispersion of the soil mechanical
characteristics as well as from uncertainties in the modelling itself. Figure 9a-b shows the sensitivity
curves with respect to the x-component of the LPM and to the rotational ry-conponent (impedances
depicted in Figure 3), respectively. For comparison purpose, MCS is carried out in the reduced model
with 1000 generated samples. Finally, non-dimensional sensitivity are reported in Figure 10. A
relevant sensitivity of the seismic response to the rotational component of the LPM is observed .

7 Concluding Remarks
A method for the evaluation of the sensitivity of the stochastic response of structures coupled with
the novel Vibrating Barrier device is presented. As the coupling involves structure-soil-structure
interaction, the traditional hysteretic model is adopted for modelling soil damping. The method
therefore requires the following steps: i) evaluation of an equivalent lumped parameter model to move
from the frequency domain to the time domain; ii) definition of a reduced model by applying the CraigBampton procedure; iii) evaluation of the response sensitivity in the time domain in a reduce subspace
18

and further evaluation of the sensitivity of the nodal response through a back transformation. The
procedure proposed in this paper has been applied to investigate the stochastic response of an Industrial
Building coupled with the Vibrating Barrier (ViBa) device.
The effectiveness of the procedure adopted for the sensitivity analysis and for the approximation of
the soil with lumped parameter models has been proved by positive comparison with Monte Carlo
Finally, the response sensitivity has been evaluated with respect to the main design parameters of the
ViBa and the parameters of the LPM model.
Excellent matching has been achieved between the results obtained by the reduced model and the
results of the MCS for the FEM model performed in Code_Aster. Non-dimensional formulation of the
sensitivity has pointed out the importance of the stiffness of the ViBa in evaluating the stochastic
response of the industrial building. Finally, a relevant sensitivity of the response to variation of the
rotational stiffness component of LPM has been observed.
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Figure 1 Subdomains of the global problem considered in the paper
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Table 1 Significant dimensions of the industrial building
industrial building shell radius

25.8 m

Basement shell radius

25.8 m

Height of springline above basemat

46.12 m

Embedded height

12.9 m

Wall thickness

1.07 m

Basemat thickness

3.05 m
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Table 2 Significant dimensions of the proposed device ViBa
Basement shell radius

12.9 m

Distance from the structure

12.9 m

Embedded height

6.45 m

Wall thickness

1.5 m

Basemat thickness

1.5 m
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Figure 2 Approximate structural impedances of the LPM compared to those evaluated by BEM
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Figure 3 Approximate ViBa impedances of the LPM compared to those evaluated by BEM
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Figure 4 Approximate coupling impedances of the LPM (red curve) compared to those evaluated by
BEM (black curve)
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Figure 5 Comparison between two trajectories of the top of the structure obtained from the FEM and
the LPM model
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Figure 7 Sensitivity of the second-order statistical moments of the nodal displacement of the structure
with respect to the a) ViBa stiffness and b) ViBa damping
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Figure 8 Non-dimensional sensitivity of the second-order statistical moments of the nodal
displacement of the structure with respect to the a) stiffness and the b) damping of the ViBa
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Figure 9 Sensitivity of the second-order moments of the nodal displacement of the structure with
respect to the a) x-LPM component and b) ry-LPM component of the stiffness
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Figure 10 Non-dimensional sensitivity of the second-order statistical moments of the structure with
respect to the a) x-LPM component and b) ry-LPM component of the stiffness
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