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Abstract
The problem of robust fully automatic 3D body-fitted mesh generation for
industrial geometries is considered. A new projection-based method is developed for a
general-type unstructured solver. Unlike other projection techniques, it starts with
generation of a high quality prismatic dummy boundary layer. The nodes are gradually
moved towards the domain boundaries and important geometric features are resolved.
The minimum mesh quality is preserved at every stage of the process. This guarantees
that the obtained grid is valid for calculations.
The algorithm uses octree data structure as a base mesh. Its implementation is
described in detail. Geometry localisation and the refinement criteria for 'dirty'
geometries are further developed. The method starts with triangulated geometric
boundaries. The quality of the input data can be extremely poor. A problem of leaking
of the base mesh is considered. Several strategies to overcome it are proposed.
The generated polyhedral mesh can also be used for fully automatic tetrahedral or
hybrid grid generation. Near boundary prismatic cells can be anisotropically refined for
boundary layer mesh generation for viscous flow calculations. The developed
methodology can also be used for polygonal, triangular or hybrid surface mesh
generation and shrink-wrapping to achieve the following basic aims: 'cleaning' of
'dirty' geometries, reduction of model elements, generation of external surfaces,
thickening and offset of geometries.
The spatial and surface mesh generation and shrink-wrapping are implemented as
a computer program. User intervention can be reduced to a setting of several control
parameters leading to a fully automatic mesh generation process. Examples of generated
meshes and calculations for several engineering models are given.
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Chapter 1. Introduction
1.1 Background
Meshes are used in many applications, including cartography for terrain
representation, CG (Computer Graphics) for objects rendering and numerical modelling
for equations discretisation. Mesh generation is one of the fundamental problems in the
numerical solution of PDE (Partial Differential Equations). CFD (Computational Fluid
Dynamics), FEA (Finite Element Analysis) and other computational fields require
discretisation of the equations in the domain of interest and numerical solution of the
systems of algebraic equations obtained.
Numerical simulation requires definition of a computation domain, which can
contain subdomains with various materials and boundary interfaces between them. The
term 'geometry ' can be used not only for solid models, but also for all boundaries. The
task of mesh generation is to provide discretisation of a computational domain
(including boundaries) for numerical solution of the governing equations. Mesh (or
grid) is a partition of a numerical domain into small non-intersecting volumes (cells).

Material domains are represented by sets of cells and their boundaries by cell faces. The
main problems of mesh generation are correct representation of the geometrical
boundaries and resolution of regions with high gradients.
Mesh generation has influenced the development of many areas and vice versa:
many meshing methods originate from other disciplines. Fast growth of computer
power has lead to a significant progress in mesh generation during last decades giving
an opportunity to solve many important practical tasks. A number of research and
commercial numerical simulation packages have been developed to solve a wide range
of engineering applications, such as flows around aircrafts and vehicles, hydrodynamics
of ships, combustion processes in engines, stress concentration, electromagnetic fields
propagation, weather prediction and many others.
However, the development of mesh generation methods is far from being
complete. Various difficulties in the existing methods arise for complex and moving
geometries. To ensure applicability of meshing methods, input models often undergo
non-trivial simplifications and/or preparations. In many cases meshing methods can
suffer from robustness: some generated elements must be manually repaired prior to
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numerical calculations. This can be extremely laborious especially for complex
geometries.
Computational areas impose various requirements on cell shapes and quality. Cell
shapes are described in terms of basic topological entities nodes (or vertices), edges and
faces. Simply speaking, a mesh is 'good', if it provides accurate numerical results. To

estimate its quality prior to calculations, a number of assessments based on geometrical
properties have been suggested. Many quality criteria are heuristic and may not be
unique even within one numerical field.
A typical design and numerical simulation process is schematically presented in
Fig. 1-1. Geometries are created and modified by means of CAD (Computer Aided
Design) systems. The data is transferred to the mesh generation stage, where manual
and automatic repair tools may be applied. This depends on properties of the input
geometry and the mesh generator. Setting of mesh parameters can include selection of
domain outer boundaries, cell size definition, node distribution and setting of boundary
information.
Numerical models and parameters are chosen at the 'solver' stage. In the case of
moving boundaries, remeshing and solution transition from one grid to another (cross/inking) can be required. The final step involves data assembly followed by analysis.

Results can be assessed in a number of ways: graphical visualisation, plots, calculation
of integral parameters and comparison of the results with experimental data. The
information obtained can be used for further calculations, recalculations with modified
grids and corrected solver parameters or for design improvements.

-

DESIGN

ANALYSIS

MESH GENERATION

,~

SOLVER

Fig. 1-1. Design-numerical simulation life cycle.
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Ideally, a solution of a numerical problem should include calculations on a set of
refined grids until the so-called 'grid independent ' results are obtained. However,
because of the complexity of the modem engineering applications, often only one mesh
of reasonable size is considered. It is of vital importance that the generated mesh
requires minimum user intervention and produces an acceptable quality for a wide range
of parameters and geometries.
Many mesh generation methods impose relatively strong conditions on input
geometries. They heavily rely on the following property: each edge must be shared by
two and only two surface elements. This means that input geometries must be
topologically closed, having no gaps, overlaps or infinitely thin elements. In addition
often self-intersections are not allowed. Geometries that do not contain any of the above
faults are often referred to as 'clean' geometries.
Mesh generation for 'clean' geometries has been thoroughly developed. A number
of reliable techniques exists in the literature. Usually, surface mesh or nodes are
generated first and, after that, volume elements are created. Many practical methods are
based on Delaunay, advancing-front techniques and their combinations. They are able to
generate high quality near boundary elements, but can suffer from robustness problems.

In some cases input geometries should be modified or user intervention during mesh
generation can be required. Another disadvantage of these methods is an excessive
number of cells generated in the case of small boundary features, even if they are
insignificant to the calculations.
In Cartesian cut-cell methods mesh generation also starts with 'clean' geometries,
but does not require surface meshing. These methods are robust and can reproduce
boundaries very accurately. Also, the number of cells generated is dictated by the spatial
mesh and can be controlled to avoid an excessive number of elements and resolution of
small details. Unfortunately, the low quality of near boundary elements significantly
narrows their application.
Due to complexity of the present-day engineering models, after a number of
modifications during the design process, input geometries may no longer satisfy 'clean'
properties and become 'dirty'. This term is usually applied to the models with a
significant number of undesired features (degeneracies). Simulation packages usually
have manual, semi-automatic and automatic tools designed for element splitting,
merging, moving, finding intersections, hole capping and other tools to 'repair' input
models.
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Complex geometries can contain hundreds of thousands or millions of elements.
The number of degeneracies, needed to be removed to make them 'clean', can reach
unpractical proportions. An example of an engine configuration is given in Fig. 1-2. It is
described by more then 150,000 triangles. Red lines indicate edges with only one
neighbouring triangle. Green lines indicate the regions, where triangles are incorrectly
oriented. There are more then 19,000 edges need to be reconnected ('stitched'). Manual
repair would mean removal and/or creation of new triangles one-by-one to close the
gaps. For this model it can be impractical. Even repairing of geometries with fewer
elements can be non-trivial and extremely time-consuming.

Fig. 1-2. An example ofa 'dirty' input geometry: a) inline 4 engine and b) half of the
model (reproduced with permission of Ricardo UK Limited).

1.2 The Aim of the Thesis
It is possible to consider the task of mesh generation starting from repaired ' clean'

geometries and to shift the difficulties associated with preparation of complex input data
to the pre-processing stage. This, however, does not make the whole process of
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numerical simulation easier. Fully automatic repair tools and mesh generation methods
capable of ignoring to a certain degree geometrical problems are in great demand in
engineering applications. Recently developed projection-based methods (Chapter 2)
seem to be capable of solving these problems. However, a small number of 3D
techniques described in the literature does not give answers to the following basic
questions: 1) how to achieve automatic robust mesh generation process and 2) how to

resolve geometrical features of ' dirty' geometries?

The aim of this thesis is to develop an automatic robust projection-based
methodology for 3D complex 'dirty' geometries generating polyhedral meshes
accurately approximating geometrical features.

The conditions on the input geometries are considered as weak as possible. It is
assumed that input models are described by triangles with possibly missing connectivity
information. For the sake of simplicity mesh generation is considered in one domain
without boundary motion. It is required that the process is fully automatic; i. e. user
intervention is reduced to a setting of a small number of control parameters. The
generated polyhedral cells must not contain degenerated elements unsuitable for
calculations for any values of the control parameters; i. e. the process must be robust.
Also, a possibility of anisotropic near boundary refinement would be extremely
advantageous for CFD applications

1.3 Contribution
A new concept of projection mesh generation is suggested and developed. Starting
with octree domain decomposition, a dummy prismatic boundary layer is generated
formally possessing the chosen quality requirements. It is optimised and its external
nodes are projected to the boundaries. Important geometrical features are classified into
edges and points. They are approximated by the original trial-and-error techniques
involving local mesh modifications. After that, generated polygonal cells can be further
subdivided to create fully tetrahedral/mixtured grids or anisotropic near boundary
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refinement. The quality requirements are verified at every step of the algorithm. This
guarantees that the obtained meshes are always suitable for numerical calculations.
Implementation of octree is described in detail. Several strategies of geometry
localisation are considered. A mixture of UG and octree localisations is implemented.
Refinement criteria for automatic domain decomposition are reviewed and further
developed. New permitted patterns of octree cells are suggested and several front
'cleaning' procedures are developed. The problem of large holes is considered and
several simple hole capping techniques are described.
Applicability of the developed technique is demonstrated on several test cases
generating shrink-wrapped, surface and volume meshes for design and numerical
calculations. The algorithm can start with extremely poor input data consisting of a
large number of triangles with various degeneracies (holes, self-intersections,
overlappings and others) with the following restrictions: large holes must be capped and
intersections of the elements must be found a priori. User intervention can be reduced
to a setting of several control parameters leading to a fully automatic mesh generation
process.

1.4 Thesis Outline
In Chapter 2 the literature review is presented. At the beginning general mesh
requirements, characteristics and classifications are given. The description of the mesh
generation techniques is focused on Cartesian-based methods. Projection techniques are
discussed afterwards. The review considers two main parts of the projection meshing:
generation of the base mesh and projection strategies. The ability to handle complex
engineering models by the various methods is examined.
In Chapter 3 octree domain decomposition for automatic base mesh generation
prior to the projection technique is considered. Particular attention is paid to geometry
localisation. A problem of internal/external notions is discussed. Refinement criteria for
'clean' and 'dirty' geometries are described and further developed. Special techniques
for preparation of the octree front for the projection method are developed. Also, a
general restriction on the input geometries and hole treatments are described.
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In Chapter 4 the projection methodology is developed. It starts with an outline of
the method and the choice of mesh quality criteria. After that, the main mesh operations
(dummy boundary layer generation, optimisation, projection-to-geometry and feature
resolution) are developed. Also near boundary mesh refinement is described. The
summary of the algorithm and conclusions complete this chapter.
In Chapter 5 several representative test cases are considered to demonstrate
applicability of the developed technique for generation of spatial, surface and shrinkwrapped meshes for design and numerical calculations.
In Chapter 6 the conclusions are given. Finally, several geometry modification
tools applied after shrink-wrapping and surface meshing are described in Appendix A.
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2.1 Introduction
At the early stages of the development of numerical methods mesh generation was
considered as a relatively simple technical task and in many cases was hardly
mentioned. With the increase of computational power it became possible to solve large
realistic simulation problems. The application of numerical methods began to require
reliable and efficient spatial mesh generation techniques. Today mesh generation is a
vast field that has been extensively and rapidly developed especially over the last
decades. Manual methods, when mesh coordinates are set up explicitly by a user,
became redundant and significant efforts have been made to reduce user intervention
during mesh generation.
Until recently grids have been traditionally classified as structured and
unstructured. Modern techniques often include tree-based data, which have properties of
structured and unstructured meshes. They can be considered as a separate class. Also,
mixed types of grids become more popular and it is preferable to use mesh classification
locally.
The variety of mesh techniques can be explained not only by the existence of a
number of computational problems, but also by the fact that all methods have
disadvantages. Although this work is focused on 3D methods, some techniques in 2D
case are also reviewed. Mesh generation in three dimensions is significantly more
complicated. Some 2D properties become invalid in 3D case and simple 2D algorithms
can have non-trivial 3D generalisations. Also, automation, robustness and efficiency
become particularly important.
The development of tetrahedral mesh generation methods is often considered to be
almost complete, although further robustness improvements are possible. These
methods can produce high quality grids, but they impose relatively strong conditions on
input geometries and can require significant user intervention. In contrast, the problem
of hexahedral mesh generation has not been fully resolved. In many cases fully
hexahedral structure is achieved at a price of the decrease of mesh quality.
Recently, techniques capable to tolerate some geometrical problems have received
particular attention. Among them are projection algorithms. Unlike the methods
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mentioned above, mesh generation starts in the interior of the domain and surface mesh
is generated at the final stage. These approaches have several important advantages.
They can be highly automatic, capable to handle 'dirty' input geometries and can
efficiently control the number of cells. The main difficulty of these techniques is robust
and accurate approximation of important geometrical features.
The main concern of this research programme is development of a robust fully
automatic technique for industrial geometries. The mesh generation methods described
in the literature are examined from this point of view. Cartesian approaches are able to
efficiently decompose numerical domain in a fully automatic manner. They can be used
in conjunction with unstructured methods or projection techniques. Other techniques are
briefly discussed.
This chapter is organised as follows. In Sections 2.2 and 2.3 a brief description of
general mesh requirements and characteristics is given. This is followed by the mesh
classification in Section 2.4 and classification of the mesh generation methods in
Section 2.5. The remainder of this chapter is focused on the Cartesian-based methods.
In Section 2.6 their brief classification is considered. Section 2.7 describes non-bodyfitted methods. In section 2.8 hybrid methods are reviewed. Projection techniques are
presented in detail in Section 2.9. Finally, Section 2.10 summarises the main results of
this chapter.

2.2 Mesh Requirements

Some requirements on meshes (or on methods) are common for all mesh
generation techniques. They usually include the following:

•

Generality

•

Approximation

•

Validity

•

Quality

•

Adaptivity

•

Automation
9
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•

Robustness

•

Speed

•

Efficiency

•

Parallelisation

Although restrictions on input geometries always exist, meshing techniques should
cover a broad range of geometries and domain configurations. For example, Cartesian
cut-cell methods are able to generate meshes for multidomain geometries, provided that
input models are ' clean' and do not contain extremely thin features (Ricardo Software,
VECTIS). Projection methods can start with ' dirty' models with small holes and
generate boundary fitted meshes, but often geometric boundaries should not be located
too close to each other (CFDRC, CFD-VisCART).
In numerical calculations geometries are represented by cell faces generally
different from the initial boundary discretisation. In the unstructured methods input
surface meshes can be modified by creating and collapsing elements. Projection
methods generate an entirely different surface grid lying on the initial geometry. In both
cases meshes should accurately approximate the domain boundaries representing
important geometrical features. With the decrease of mesh size approximation errors
must tend to zero.
Numerical methods impose various restrictions on cell shapes and sizes. For
example, in classical Godunov scheme spatial cells are required to have parallelepiped
shapes without significant distortion (Godunov et. al. , 1976; Godunov, 1999). Similar
conditions are imposed in metal forging process simulations (Schneiders et. al., 1994).
For correct representation of physical domain, cells must not be inverted and must not
have self-intersections. Extremely small elements can cause convergence problems and
should be eliminated. These minimal requirements must be satisfied to make meshes
suitable (or valid) for calculations.
However, validity does not guarantee convergence and accuracy of calculations.
Meshes are also required to be of high quality. In practice it can be assessed before
calculations by various geometrical characteristics. They are often described in terms of
angles, lengths, areas, volumes, aspect ratios and other parameters (Frey and George,
2000). Higher quality meshes give more accurate computational results. Modifications
improving grid quality are called mesh optimisation. They can retain the original
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topological structure by moving node locations or change connectivity by merging,
splitting, swapping and other operations.
Before starting numerical calculations meshes are generated based only on the
geometrical information. In this case cell distribution is called geometry-based

adaptation. Accuracy of numerical schemes can be significantly increased by cell
clustering in high gradient regions during calculations. This is called solution-based

adaptation. It can use distortion of cells preserving the topology or mesh refinement.
This work is focused on geometry-based adaptation.
Mesh generation process is ultimately implemented as a computer program. User
intervention during meshing should be minimised. Manual operations are undesirable
(in some cases unacceptable) and should be excluded, if possible. This is still a big
challenge for the modern simulation packages. Preferences are often given to less
accurate, but more automatic algorithms.
Another important property of mesh generation algorithms is robustness. In some
algorithms, if the generated mesh is not suitable for calculations, it is simply suggested
to repeat the process with another mesh size (Schneiders et. al., 1994). This is
unacceptable for complex geometries, since the 'worst' cases can occur for every
selected mesh size. Ideally, valid meshes should be generated for all controlling
parameters within a certain range. This problem remains open for many algorithms.
It is well known that complexity of numerical problems is rising faster than
computational power. The algorithms should be fast and memory efficient. Geometry
localisation and quick search algorithms play a key role in practice. Running parallel
jobs on large workstations can greatly reduce mesh generation and computational times.

2.3 Mesh Characteristics
A mesh can be described in various terms related to the properties of geometries,
numerical domain, cell shapes, cell structures and mesh generation methods. General
mesh characteristics usually include the following notions:

•

Single / multidomain

•

'Clean' / 'dirty' geometries
11
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•

Fixed I moving boundaries

•

Automation

•

Cell shapes

•

Data structure

•

Boundary-fitted/ boundary layer mesh

•

Invariance

•

Computational complexity

The topology of a numerical domain is defined by the physical phenomenon under
consideration. For example, flow calculation around a solid single body requires a
single domain. If body temperature also needs to be determined, the energy equation
inside the body is considered. In this case the numerical domain consists of two parts
(multidomain), separated by a boundary interface. To couple solutions on both sides, the
grids usually required to be conformal. This makes the task of multidomain mesh
generation more complicated.
Definitions of 'clean' and 'dirty' geometries are given in Chapter 1. The ability to
handle various degeneracies in input geometries by mesh generation methods can be
reflected in mesh characteristics. For 'dirty' models some connectivity information can
be absent and the elements can have self-intersections and overlaps. As mentioned
above, this is a relatively new problem and several techniques for 'dirty' geometries
have been developed recently (ANSYS, ICBM CFD; CFDRC, CFD-VisCART).
Mesh generation for domains with moving boundaries is a difficult problem. In
the case of relative rigid motion several bodies can move with respect to each other. In
more complicated situations parts of geometries can change in shape. Mesh at time t
can be obtained by distortion of the mesh at time t 0 solving, for example, Laplace
equations. When the topology of the domain changes significantly and the distorted
mesh becomes invalid for calculations, a new mesh is generated (remeshing). Flow
parameters are interpolated from one mesh to another and calculations proceed (Ricardo
Software, VECTIS). For some Cartesian-based methods global interpolation from one
mesh to another is not required. At every time step they change grids locally near
moving boundaries (GDT, GasDynamicsTool). This enables more complicated motion
types to be considered, but decreases the mesh quality near boundaries.
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Numerical domain and mesh generation can be characterised by several
quantitative parameters. Let us denote by N par the number global parameters
controlling a mesh generation process (for example, mesh size). In the general case the
number of types of the boundaries is Nw >> N par. Another value is the number of
surface elements (mesh faces) Nw >> N w. Finally, the number of the generated spatial
cells is N 3 D >> N w. These values can be used to describe automation of mesh
generation. The question of which mesh generation process can be called automatic
allows some ambiguity. Usually, (fully) automatic methods require between O(Npar )
and O ( Nw) manual operations. Semi-automatic approaches require between O ( Nw)
and O ( N w) operations.
For example, if a Cartesian cut-cell method controlled by several parameters is
applied for 'clean' geometries, it can be classified as fully automatic. If the initial
geometries are not 'clean', 0 ( Nw) - 0 ( N w ) manual operations can be required for
the repair (adding and removal of surface elements). In this case it would be more
appropriate to call the process semi-automatic. Projection methods starting with ' dirty'
geometries are considered as fully automatic provided that the number of holes is
relatively low (O(Npar)- O(Nw)).
Cell shapes strongly depend on the numerical schemes. Some of them require only
hexahedral cells. Unfortunately, this is particularly difficult to achieve. Multiblock
methods can produce all-hexahedral meshes, but even modem techniques are semiautomatic (ANSYS, ICBM CFD). Fully automatic uniform all-hexahedral mesh
generation method for 'clean' geometries is reported in (Schneiders et. al., 1994). The
generalisation in (Weiler et. al., 1996) is based on 1:27 tree and contains hanging nodes.
Operations on tetrahedral cells are significantly simpler. Tetrahedral mesh
generation is a well developed domain (Mavriplis, 1995). Prismatic cells are more
suitable for boundary layer meshing. Prismatic/tetrahedral mesh generation methods
have been developed in (Kallinderis et. al., 1995). By using a mixture of polyhedral,
hexahedral, prismatic and pyramid cells with and tetrahedra significant memory savings
can be achieved.
Access to neighbouring cells is required during the mesh generation and the
numerical solution stages. A number of neighbours, simplicity of their calculation and
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the speed of the operations depend on how the mesh is represented in a computer
program. Modem mesh techniques can include several types of data. Locally meshes
can be classified as structured, unstructured and tree-based (Section 2.4).
When spatial mesh is generated independently of boundary meshing nonboundary-fitted (or non-body-fitted) grid is produced. A typical example is Cartesian

cut-cell methods (Quirk, 1992; De Zeeuw, 1993; Charlton, 1997). Boundary-fitted
meshes are preferable, but they are more difficult to generate. For calculation of viscous
flows, boundary cells need to be highly refined in the direction normal to the boundaries
(boundary layer mesh). Tetrahedral meshes are boundary-fitted, but not boundary layer

grids. Some CFD codes are able to insert prismatic boundary layer mesh between
tetrahedral mesh and geometries (Tehan et. al., 1997). Projection methods generate
boundary-fitted and boundary-layer meshes.
Mesh sensitivity to small changes in a position of input geometry can be
formulated in terms of invariance. For invariant meshes small geometry motion does
not change the topological structure. For example, Cartesian-based methods are noninvariant, since small geometry motion can change base cell statuses and, as a result, the
mesh topology (Section 2.7.3). On the other hand, multiblock methods are insensitive to
small geometrical alterations.
Computational complexity for mesh generation strongly depends on the
algorithms and their implementation. In some cases it is possible to estimate
asymptotically the number of operations needed for generation of N mesh elements on
an ' ideal' computer. Methods requiring more than O(N 2 ) operations are unacceptable
for large geometries. O(Nlog(N)) operations is considered to be acceptable and O(N) is
minimal.

2.4 Mesh Classification
In structured meshes internal vertices have an equal number of neighbours. 2D
and 3D arrays can be naturally used for their description. Neighbouring cells are
obtained by shifting i, j or k indices along the local coordinate axes. Structured cells
allow the minimum memory requirements, fast data access and simplification of the
numerical algorithms to be achieved. However, structured meshes have a limited
14
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geometrical and solution-based adaptivity. Cell clustering is obtained by grid lines
distortion or redistribution of nodes along the boundaries. Structured meshes can be
generated by parametric and multiblock methods (Section 2.5). They consist of
quadrilaterals in 2D and hexahedra in 3D.
In unstructured grids cells are characterised by various numbers of node
neighbours and a mixture of elements of different topology. In 2D case triangular,
quadrilateral, polygonal meshes and their mixtures are used. The most developed 3D
grids consist of tetrahedral elements. Unstructured meshes are usually generated by
insertion/creation algorithms (Section 2.5). The neighbouring information (or topology)
requires being stored in memory. Compared with structured meshes, the methods for
unstructured grids are more complicated. However,

unstructured grids have

significantly higher flexibility allowing using them for extremely complex geometries.
Adaptivity is usually based on cell merging, splitting or local remeshing.
In tree data structures cells have various numbers of neighbours as in unstructured
meshes, but access to them is simplified. A tree is a hierarchical data structure based on
recursive subdivision of one or several elements. Calculations take place on cells
without further subdivision, which is based on geometrical features, mesh topology and
solution properties.
One of the main advantages of tree structures is flexible adaptation. Geometrybased adaptation can be obtained by mesh refinement near sharp features, high
curvature regions and other geometrical features. During solution-based adaptation
solution accuracy losses can be minimal due to a hierarchical mesh structure. The main
operations on trees include visiting all cells, finding neighbours, creation and removal
of cells (Frey and George, 2000). In balanced trees the difference between neighbouring
cells is minimised. This property is important for other tree operations, simplification of
numerical algorithms and improvement of solution accuracy. Below examples of 2D
and 3D tree data structures are briefly described.
Quadtree is a well developed 2D tree structure. It has been successfully
implemented in a number of algorithms (Knuth, 1975; Samet, 1984; Thacker, 1980;
Yerry and Shephard, 1984). Quadrilateral or quadrate cells can be split into 4 equal
children. In a balanced quadtree a cell can have 1 or 2 neighbours. A scheme of the data
structure is presented in Fig. 2-1. The implementation can be based on pointers, when
parents have links to children and child cells keep pointers to the parent. Recursive
functions can be efficiently used for tree operations. Neighbouring information can be
15
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easily obtained by the tree traversal from a cell to the parent or from a parent to the
children. The advantages of quadtree domain decomposition include simplicity of the
data structure, speed and automation. However, pure quadtree domain decomposition is
not suitable for generation of high quality cells near boundaries (Section 2.7.2). Another
main drawback is inefficient directional grid adaptation. Resolution near viscous
boundaries can produce an excessive number of cells (over-refinement). An equivalent
of quadtree in 3D is octree. It is described in detail in Chapter 3.
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Fig. 2-1. a) Tree structure and the corresponding quadtree refinement (from De Zeeuw,
1993) and b) quadtree refinement around a geometry (from Coirier, 1994).

In 2 N -trees cells can be split into 2 and 4 children in 2D and into 2, 4 or 8 cells in
3D (Wang, 1999; Srinivasan, 2004). This additional flexibility requires more
complicated algorithms, but provides directional refinement leading to significant
memory and speed savings. 2N-tree structure is illustrated in Fig. 2-2.

a)

b)

Fig. 2-2. a) Cartesian cell subdivision for 2N -tree and b) grid around a model (from
Wang, 2000).
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Modem mesh generation techniques often exploit advantages of several methods
and can consist of several types of meshes. Hence, it would be more appropriate to
classify grids locally (structured, unstructured and tree-based). Meshes combining
several cell types are also called mixtured (or hybrid). A noticeable example for viscous
flow calculations is given in (Wang, 2000) (Fig. 2-3).

Fig. 2-3. An example of a mixture of grids (from Wang, 2000).

2.5 Classification of Mesh Generation Methods
2.5.1 Parametric Methods

Early meshing techniques are based on finding a function mapping a physical
domain into a numerical one. Governing equations are discretised in the curvilinear
coordinate system. Algebraic methods are based on explicitly defined mapping
functions (Gordon and Hall, 1973; Anderson et. al., 1984). Transfinite interpolation
plays an important role in algebraic methods due to its simplicity and ability to control
nodes distribution along boundaries. In PDE methods mesh generation is based on the
solution of elliptic, hyperbolic or parabolic system of differential equations describing
mapping functions (Tannehill et. el., 1997; Thompson, 1999). In the present-day
engineering applications parametric (mapping) methods are not used for the mesh
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generation in the entire domain due to inefficiency of resolution of complex features.
However, these methods can be applied for boundary layer mesh generation in the
vicinity of boundaries (Delanaye et. al., 1999).

2.5.2 Insertion / Creation Methods

A large number of unstructured mesh generation methods is based on advancing-

front technique. Domain meshing starts with boundary discretisation. One element is
added at a time until the entire domain is filled with the mesh. These methods usually
start with triangles in 2D and tetrahedra in 3D. By creation of a new node an 'ideal'
element is generated based on the size distribution and the optimal cell shape. The
existent neighbouring nodes are examined and may be chosen instead of the new node.
Various advancing-front strategies have been developed. The main advantage of these
techniques is generation of high quality elements. However, problems can be
experienced in the case of the rapid change of the mesh size distribution (Mavriplis,
1995).
Another widely used class of methods is based on Delaunay triangulation in 2D
and tetrahedral subdivision in 3D. Its main empty sphere property means that no mesh
nodes are located inside the circumcircle (circumsphere) of any triangle (tetrahedron).

Delaunay-based algorithms may start with grid nodes or meshed boundaries. In the first
case preservation of boundary integrity can be non-trivial. Various strategies can be
used for creation of a new element (Frey and George, 2000). However, robustness can
be a problem. Advancing-front and Delaunay strategies can be combined to increase
efficiency, robustness and element quality. The examples are advancing-front Delaunay
triangulation and advancing-front point insertion methods (Mavriplis, 1995).

2.5.3 Spatial Decomposition and Hybrid Methods
Parametric methods are restricted to the domains of simple shapes. More complex
domains can be split into subdomains (or blocks), where meshing becomes an easier
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task. In different subdomains different mesh strategies can be used. These are the socalled multiblock (or block decomposition) methods (Frey and George, 2000; ANSYS,
ICEM CFD). In the general case, splitting into subdomains is a manual or semiautomatic process. For complex geometries, such as an aircraft configuration,
multiblock mesh generation can take man-weeks of an experienced engineer, using
modem packages. Several logical splitting algorithms have been reported in the
literature including medial axes and medial surface decompositions (Frey and George,
2000).
Another class of the spatial decomposition methods employs gradual domain
refinement by splitting cells into sub-cells. Spatial decomposition methods provide an
efficient mechanism for mesh generation inside the computational domain. The main
representatives of these methods are quadtree and binary tree in 2D, octree and 2 N -tree
techniques in 3D (Section 2.4). Octree decomposition is described in detail in
Chapter 3.
To generate a mesh near boundaries, spatial decomposition methods can be
combined with other techniques (hybrid methods). For example, in (Delanaye et. al.,
1999) a structured boundary layer mesh is generated around geometries (parametric
method) connected to octree cells in the interior of computational domain. In general,
mesh improvements near boundaries are reached by losing robustness and automation.

2.6 Classification of Cartesian-based Methods
Cartesian-based methods use domain decomposition into cells with faces parallel
to the coordinate axes. This property significantly simplifies geometrical operations and
data structures. Cells generated away from the boundaries have extremely high quality.
Near boundary cells involve geometry considerations and require special attention.
Classification of Cartesian-based methods can be based on near boundary cell structure:
the mesh can be non-body-fitted or body-fitted. In the first case, mesh generation
techniques are more simple and automatic, but the quality of the generated mesh is
worse.
Body-fitted meshes require non-Cartesian mesh structure to align with the
boundaries. This can be achieved by combining Cartesian mesh in the interior of the
19
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domain with structured and/or unstructured grids near the boundaries. These methods
require mesh generation to start with geometries and can be called B21 (Boundary-toInterior). Other types of Cartesian-based techniques use purely 12B (Interior-toBoundary) strategy (terms B2I and I2B are used following Wang, 2001). They start with
cells surrounding boundaries and project mesh nodes onto geometry. Fig. 2-4 illustrates
this classification.

CARTESIAN-BASED
METHODS

NON-BODY -FITTED

BODY-FITTED

12B

821

Fig. 2-4. Classification of Cartesian-based methods.

2.7 Non-body-fitted Cartesian-based Methods
2.7.1 Stair-cased Methods

Early versions of Cartesian methods are based on stair-cased geometry
representation, when geometrical boundaries are approximated with cell faces parallel
to the coordinate axes. The main advantage of this approach is its simplicity and
extremely fast fully-automatic mesh generation for any type of geometry. It can be
efficiently applied for a limited number of geometries consisting of elements parallel to
the coordinate axes (Coirier and Bayyuk, 2002).
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However, a possibility to eliminate almost all difficulties associated with mesh
generation has lead to application of this method for general-type geometries.
Extremely complicated cases of boundary motion can be easily represented by staircased methods (ANSYS, ICEM CFD; GDT, GasDynamicsTool). Unfortunately, this
coarse representation leads to artificial disturbances unrelated to the initial physical
problem polluting the numerical solution. Solver modifications in near boundary
regions can be used to reduce these calculation errors. For example, Falle and Giddings
(1993) experimented with simple models to retain numerical disturbances within the
viscous boundary layer (Fig. 2-5). However, it is doubtful that in the general case
accurate solutions can be obtained using stair-cased methods.

a)

b)
1.0

1.2

1.4

Fig. 2-5. Illustration of a stair-cased approximation of a geometry: a) schematic
boundary mesh structure and b) an example from (Falle and Giddings, 1993). Crossed
cells represent a model.

2.7.2 Cut-cell Methods
In Cartesian cut-cell methods domain boundaries are cut by the underlying regular
grid. Cells can be located completely inside, outside or intersect boundaries. As a result,
the regions near geometries are represented by irregular cut-cells of arbitrary or almost
arbitrary shapes (Fig. 2.6). The mesh away from the boundaries consists of uncut
Cartesian cells. The main efforts of mesh generation and numerical methods are spent to
process them. Cartesian cut-cell methods originate from potential flow calculations.
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One of its first applications for uniform grids is described in (Berger and Le Veque,
1989).

Fig. 2-6. An example of Cartesian cut-cell mesh.

One of the main advantages of the cut-cell technique is that mesh generation
process does not require surface grid as a starting point. It should be noted that in
general the complexity of surface meshing is comparable to the task of the entire spatial
grid generation. Another advantage is a possibility to efficiently control the number of
cells. It is dictated not by the geometrical features, as in the insertion/creation methods,
but by the background mesh. This means that in practice fewer cells are required for
Cartesian cut-cell methods. Finally, domain decomposition based on Cartesian tree
structures can be performed fully automatically.
One of the main difficulties arising in this approach is an uncontrolled number of
small cells generated near boundaries. They can significantly reduce the accuracy of
calculations, decrease the global time-step or even lead to instability and convergence
problems. Apart from that irregular cells can lead to the loss of the accuracy and to
complications of numerical algorithms. The methods to resolve small cell difficulties
can be based on solver and/or mesh modifications (Section 2.7.3).
Another weak point of the Cartesian cut-cell methods is relatively strong
restrictions imposed on the input geometries. Since cutting of boundary cells involves
calculation of exact intersections with boundaries and generation of mesh patches from
surface elements, initial models must be 'clean'. As mentioned earlier, significant
efforts can be spent on repair process for industrial geometries (Chapter 1).
Euler equations for fixed and moving geometries are solved using Cartesian cutcell meshes in a number of publications. Some of them are briefly described below.
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Unfortunately, due to an irregular structure near the boundaries, cut-cells are not
suitable for calculation of viscous flows (Coirier, 1994; Coirier and Powell, 1996).
Two aspects are important for Cartesian methods: cell refinement and boundary
representation. The first one is related to a particular choice of data structure (binary,
octree, 2N-tree). To avoid large truncation errors, smaller cells should be considered in
regions with important features. Refinement criteria for octree are discussed in Chapter
3. Intersections with initial geometries can be presented by line segments in 2D and
polygons in 3D (piece-wise representation).
In 2D the simplest technique is to approximate the geometry by means of straight
lines obtained by the intersection of the geometric boundaries with cell faces. If a sharp
geometrical feature is located within a cell it can be lost (Fig. 2-7 a). To avoid
significant approximation errors, high refinement near sharp features is required (Fig. 27 b). Note that even with high refinement some features may never be recovered

a)

b)

Fig. 2-7. a) Cell-geometry intersections are obtained by connecting the first and the last
cell intersections and b) cell refinement near sharp corner (from Quirk, 1992).

A more accurate method of geometry representation is to allow several straight
lines within one Cartesian cell (De Zeeuw, 1993). Comparing to the previous approach,
for the same cell refinement approximation error can be significantly reduced. In two
dimensions the boundary of the geometry can be approximated relatively easy, but in
3D it is not straightforward.
An exact geometry representation is achieved by cutting patches by Cartesian cell

faces from the original geometry (Fig. 2-8). Its 3D version based on octree is discussed
in detail in (Aftosmis, 1997). Although the approximation error is reduced to zero, two
difficulties arise. Firstly a high number of geometrical elements leads to an even higher
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number of boundary patches. Another problem is completely arbitrary cell shapes. This
can require non-trivial modifications of numerical schemes or even can lead to
inapplicability of others. In general, the solution accuracy of Cartesian cut-cell
techniques is lower comparing to parametric and insertion/creation methods.

Fig. 2-8. An example of Cartesian cut-cell mesh generated using VECTIS code
(Ricardo Software, VECTIS).

2.7.3 Treatments of the Small Cell Problem

The small cell problem can be overcome by means of near boundary solver
modifications, cell merging techniques or by using their combination. The Cartesian
cut-cell approach has been extensively developed during the last three decades by the
aerospace community. Several examples are briefly described below.
One of the first successful two-dimensional solver modifications for transient
Euler solver is reported by Berger and LeVeque (1989). Stability is ensured by allowing
wave propagation through small cells (Fig. 2-9 a). As a result, the global time step for
an explicit numerical scheme can be based on regular cells. De Zeeuw (1993) suggests a
linear flux reconstruction technique for different types of cut cells for 2D steady Euler
equations. Paths of integration were constructed by connecting neighbouring cell
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centroids (Fig. 2-9 b). In (Chiang et. al., 1992) this method is extended to unsteady
flows.

a)

b)

X

Fig. 2-9. a) Illustration of wave propagation through a small cell (from Berger and
LeVeque, 1989) and b) integration paths for various cut cells (from De Zeeuw and
Powell, 1993).

One of the first applications of cell merging technique is applied in (Clarke et. al.,
1986). For 2D unsteady Euler equations small boundary cells are combined together
with larger neighbours away from the geometry. Quirk (1992, 1994) thoroughly
develops a 2D cell merging technique. Cut-cells are classified into 12 types (Fig. 2-10)
based on side intersections. A special procedure combined cells into lists, removing
'lonely' small cells. No flux reconstruction is introduced and near the boundary the
numerical scheme is reduced from the second order to the first order of approximation.
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a)
Fig. 2-10. a) 2D cell types and b) small cell merging (from Quirk, 1992).

To solve the small cell problem, Chem and Colella (1987) suggest an algebraic
algorithm, where values from small cells were conservatively redistributed to their
neighbours. This allows using the time step based on the uncut cells. A variation of the
conservative redistribution for unsteady Euler equations is also studied in (Pember,
1993).
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In Cartesian cut-cell methods boundary motion can be described by local mesh
topology changes. Geometry moves across the stationary background mesh and near
boundary cells can undergo the following changes: a cut cell becomes a solid cell, a cut
cell remains topologically unchanged and an uncut (solid) cell becomes a cut cell. These
modifications can describe general-type boundary motions, but they might need nontrivial solver modifications. In 2D Quirk (1994) applies cell merging technique similar
to the stationary case. In (Yang et. al., 1999) an extension of a 2D approach for static
boundaries for the Euler equations is developed for separating models. Similarly to
fixed geometries, for merged cells the interface between them is ignored and waves can
travel further through neighbouring cells eliminating the small ones. Generalisation of
cell merging approach in 3D is considered to be an extremely complicated task.

2.7.4 MC-based Methods
MC (Marching Cubes) algorithm has been developed by Lorensen and Cline
(1987). It creates triangulated models of constant density surfaces from 3D medical
data. Full automation, robustness and generality made MC widely applicable. It also
became a starting point for many algorithms in surface reconstruction.
The initial data consists of a 3D density function. The domain of interest is
covered by uniform cubes. Each one of them is processed separately. MC moves (or
marches) from one to another. Cube vertices are assigned values O or 1 (inside or
outside) based on the density function. This gives in total 256 possibilities. By rotation
and symmetry they can be reduced to the canonical 14 triangulated patterns (Fig. 2-11).
The reconstructed surface is assumed to intersect cube edges with internal and external
end points only once. Intersections are defined by linear interpolation of the function
values from edge end points. (It is noticed that higher order interpolations show little
improvement.) Surface generation is based on the triangulated patterns by the
intersection points.
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b)
Fig. 2-11. a) A sampling cube and b) 14 triangulated patterns (from Lorensen and Cline,
1987).

MC algorithm can be used for remeshing of explicitly defined surfaces. In this
case the density function is chosen as a distance field to the geometry. Edge
intersections can be determined by finding intersections with the surfaces or, as
described above, using the density function. In the first case restrictions on the input
geometries are relatively strong. In the second case ' dirty' geometries are acceptable
and intersections are found approximately.
MC method and some of its extensions can be used not only for surface mesh
generation, but also for spatial meshing. Away from the boundaries cells are represented
by the sampling cubes. Boundary cells are obtained by cutting out reconstructed
patches. Despite the similarity to the Cartesian cut cell approach, it seems that these two
methods have been developed completely separately. However, they are combined
together in VECTIS CFD code (Ricardo Software, VECTIS).
Unfortunately, in some cases the classical MC method can produce holes in the
reconstructed surface (Fig. 2-12 a). To resolve this problem, the standard pattern is
extended in (Nielson and Hamann, 1991). The authors develop an 'asymptotic decider'
to choose a pattern based on bilinear approximation of the density function at four face
points. A face is called ambiguous, if it contains two diagonal pairs of inside/outside
nodes. Ambiguous faces allow two possibilities to connect edge intersection points (Fig.
2-12 b). The 'decider' chooses the most suitable pattern.
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b)

Fig. 2-12. a) The standard MC patterns can produce unclosed surface and b) two
possible approximations (from Nielson and Hamann, 1991).

Uniform sampling can be computer expensive and inefficient for large models.
MC algorithm was extended to the octree data structure. Intersections of adjacent cubes
of different sizes should be treated with special care to avoid gaps in the reconstructed
surface. Octree refinement has been further optimised in (Shekhar et. al., 1996) and
(Frisken et. al., 2000).
The main disadvantage of MC algorithm is its inability to preserve discontinuities
of a sampling function and sharp geometrical features. EMC (Extended Marching

Cubes) method has been developed by Kobbelt et. al. (2001) to overcome this problem.
It is based on the assumption that a function (or a geometric model) is piecewise
differentiable. Sharp features are classified as sharp edges and comers. If a cell does not
contain a feature, the standard MC is used. Otherwise, gradient information at the edge
intersections is employed to construct one new point within a sampling cube close to the
feature. The standard patterns are modified to include one more point. After all cells
have been processed, triangles between neighbouring cells are flipped to restore sharp
features (Fig. 2-13). EMC considers a sharp feature only in the case, when it is located
inside a cell. If, however, it is close to the cell, but is not located inside, it can be
'invisible' for the algorithm. This can create indentations along sharp edges.
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b)

a)

Fig. 2-13. Illustration ofEMC method: a) sharp feature approximation and b) MC, sharp
features, edge flipping (from Kobbelt et. al., 2001).

2.8 Hybrid Cartesian-based Methods
2.8.1 Structured/Unstructured Methods

Cartesian cut-cell methods can be fully automated for mesh generation around
complex geometries and they do not require surface meshes as a starting point.
However, the generated meshes are not body-fitted. For this reason they are not suitable
for viscous flow calculations (Coirier, 1994; Coirier and Powell, 1996). Hybrid
Cartesian methods have been developed for ' clean' geometries to overcome this

problem. They are based on Cartesian mesh in the interior of a numerical domain and
body-fitted structured and/or unstructured meshes near the boundaries. Unfortunately,
the usage of several techniques is more complicated and less flexible.
A simple way to connect Cartesian cells and a surface mesh is to fill the space
between them with unstructured cells. External faces of Cartesian cells can be
triangulated and tetrahedral mesh generations algorithms can be applied (Fig. 2-14 a).
This methodology is implemented in DRAGON code (Zheng, 2003). The drawback of
this approach is the requirement of a surface mesh. Matching sizes of surface mesh and
Cartesian cells is also non-trivial. Its absence can lead to robustness problems in
unstructured mesh generation.
Another type of hybrid meshes is based on boundary layer grid generation. Given
surface mesh can be extruded outwards in the direction normal to the surface to
generate a layer of prismatic cells. It can be connected to the Cartesian cells by means
of cut cells or unstructured cells. The main advantage is a possibility to anisotropically

29

Chapter 2. Literature Review

refine the boundary layer for viscous flows calculation. The main difficulty is to extrude
surface mesh without self-intersections and inverted elements.
Boundary layer mesh generation can be based on parametric methods (Section
2.5.1). One of the strategies is to solve hyperbolic PDE based on the orthogonality
condition (Cordova, 1994). Another approach is to advance the surface front step by
step in the normal direction (Kallinderis et. al., 1996). The difficulties appear near
concave regions, where boundary cells can intersect each other. Various techniques
have been suggested to resolve this problem. They are based on introduction of a
diffusive operator into PDE or smoothing of neighbouring cells. The smoothing should
be carefully controlled to resolve undesired features and to avoid over-smoothing,
which also can lead to self-intersections and intersections with the geometry.
Unfortunately, the introduction of empirical parameters reduces the level of
automatisation.
Karman (1995) developed a mesh generator and a flow solver for complex
geometries based on prismatic cells near boundaries and Cartesian cells away from
them. Similarly to Cartesian cut-cell methods, irregular cells are generated at the
interface by cutting prismatic cells from the Cartesian mesh (Fig. 2-14 b). The mesh
consists of structured, unstructured and tree-based data. Wang (1995) further enhanced
the method by allowing prismatic cells to be solution-adaptive. Although compared to
Cartesian cut-cell methods this technique better resolves boundary layers, the problems
of small and irregular cells were not completely resolved, but they were ' shifted' from
the boundary.
Instead of cutting Cartesian cells, the boundary layer grid can be connected to the
Cartesian cells by means of unstructured meshes (Zheng, 2003). This method produces
better quality cells, but faces the robustness problems not only at the boundary layer
generation stage, but also during the unstructured meshing (Fig. 2-14 c).

30

Chapter 2. Literature Review

Fig. 2-14. Illustration of hybrid Cartesian approaches: a) unstructured mesh fills the gap
between Cartesian cells and the boundary, b) prismatic boundary layer cells are cut
from Cartesian mesh and c) unstructured cells fill the gap between a boundary layer and
Cartesian cells.

Automatic domain decomposition by tree structures can be used in unstructured
mesh generation. For example, in advancing-front methods the size distribution function
can be obtained based on octree cells. This approach is developed by Kallinderis (1996)
in a combined octree/advancing-front tetrahedral mesh generation with a structured
boundary layer. It is further developed in (Delanaye et. al., 1999) by improving
boundary layer mesh generation near concave geometrical features.

2.8.2 Overset Methods

The first overset approach is suggested in (Atta, 1981). The main ideas of overset
(or Chimera) methods Benek et. al., 1987; Henshaw, 1990; Chan et. al., 2002) is to
generate a layer of cells around bodies independently. Mesh generation consists of the
following main steps: geometry processing, surface grid generation, spatial mesh
generation and domain connectivity. The meshes can be connected by overlapping with
the background Cartesian mesh (Fig. 2-15). There are several questions raised: how to
transfer data between grids, how to implement boundary conditions at the interfaces,
what are requirements on cells at the interfaces. Overset grids can be efficiently used for
moving boundaries, especially rigid motion. Although, the process of mesh generation
can be simplified, non-trivial solver modifications are required.
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Fig. 2-15. Illustration of overset grids: a) boundary structure and b) an example from
(Suhs et. al. , 2002).

2.9 Projection-based Methods
The main disadvantage of Cartesian cut-cell approaches is their inability to
generate body-fitted meshes. Hybrid Cartesian techniques can suffer from robustness
problems. Also, generation of boundary layer mesh decreases automation. In this
section methods using various projection techniques are reviewed. They use Cartesian
cells to cover computational domain and than project nodes close to geometry onto it.
Projection methods seem to be more robust and automatic.
In comparison with the methods described above, they have several significant
differences. Firstly the geometric boundaries are not required to have surface meshes.
Moreover, in many cases the conditions on the input geometries can be relatively weak.
In fact, projection techniques act as surface reconstruction methods (Heckbert and
Garland, 1997). The input geometries are considered as sets of elements and sharp
features needed to be resolved. This requires development of special feature recognition
and feature resolution techniques.
Secondly the process starts with spatial mesh generation. Surface meshes are
obtained at the final stage. As a result, cell sizes are not dictated by the geometrical
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features, but by the spatial mesh. Special care must be taken to refine Cartesian cells
near important features.

2.9.1 Modified-Quadtree/Octree Method
One of the first projection techniques has been reported in Yerry and Shephard
(1984). Based on the quadtree and octree approximations (Section 2.4), the authors
developed modified-quadtree and modified-octree techniques capable to automatically
generate boundary-fitted meshes for complex 'clean' geometries. In the modifiedquadtree technique quadrate cells are refined near the boundary features. Intersecting
cell edges can be cut at quarter, half or end points. This gives a preliminary
approximation of the geometry avoiding small cells. After that, cells are triangulated
according to the given templates. At the next step, the approximation is enhanced by
placing (projecting) boundary nodes to the geometry. Finally all internal nodes are
smoothed to improve the mesh quality. Fig. 2-16 illustrates the main stages of this
approach.
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Fig. 2-16. Modified-quadtree method: a) input geometry, b) cut quadtree, c)
triangulation and d) pulling and smoothing (from Yerry and Shephard, 1984).
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In 3D the algorithm becomes more complicated. Octants are allowed to be cut
only at the comers and the mid-edges points (Fig. 2-17). To make the geometry
approximation consistent for neighbouring cells, a set of single, two and a limited
number of three planar cuts are introduced (Fig. 2-17). 3D cells are split into tetrahedra
according to the given templates. The node pulling is based on geometry representation
by superquadric functions. A node is moved to the closest candidate on the surface.
Also, modified-quadtree and modified-octree methods can be considered as the
first applications of the quadtree and octree domain decomposition techniques to
numerical schemes. Apart from full automation, these methods are able to generate
boundary-fitted meshes without small cells. The algorithms are described for 'clean'
and single-domain geometries, since they are based on in/out tests by ray-tracing
method (Section 3.7). It can be probably generalised for 'dirty' and multidomain
geometries. Unfortunately, the cut patterns and the pulling algorithm are not described
in detail.
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Fig. 2-17. a) Octant cut points and b) examples of cut-cells (from Yerry and Shephard,
1984).

2.9.2 Multiple Projections Methods

Fully hexahedral mesh generation is an important and difficult problem arising in
numerical computations. One of the earliest successful attempts to solve it for generaltype geometries dates back to the early 90-s. In (Schneiders et. al., 1992) a 2D
projection-based mesh generator for forging simulations has been developed. Compared
with modified quadtree technique it is based on a different principle. Instead of node
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pulling to the geometry, it connects them with the boundaries by means of line segments
(projections). This is carried out in order to create boundary cells and to resolve sharp
geometrical features. The nodes can be assigned several projections depending on a
local situation. The method uses 'clean' geometries as input data.
The process starts with a closed contour defining the initial model. The domain is
covered by the uniform Cartesian mesh of size h. In/out cells are defined based on raycasting algorithm. Cells lying completely outside and not closer than h/2 constitute an
initial mesh (Fig. 2-18 b). The outer counter (front) is gathered by 'walking along
boundary' algorithm. This front is projected onto the geometry creating quadrilateral
elements.
Projection starts with the outer and inner comers of the front. They are connected
(projected) to the geometrical features, if certain quality requirements are fulfilled.
Otherwise, they are linked to the existent or new points on the contour (Fig. 2-18 c). In
order to make all cells valid quadrilaterals accurately approximating the geometry, some
of the projections need to be redrawn according to the given templates. As the final step,
Laplacian smoothing is applied. The main stages of the method are presented in Fig. 218.
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Fig. 2-18. Stages of the 2D projection mesh generation: a) geometry, b) front
generation, c) comer projections and d) final stage (from Schneiders et. al., 1992).

A generalisation of this algorithm to 3D has been developed in (Schneiders et. al.,
1994). Geometrical features (characteristic edges and points) are defined based on
angles between normals of neighbouring geometrical elements. Uniform cubic cells of
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size h cover the entire domain. Cells lying completely inside and not closer than h/2 are
selected. Their external faces define a front. Each front point is assigned one, two or
three directions according to 12 given templates (Fig. 2-19). Projections start with
comer front points and are connected to the characteristic features provided that certain
quality conditions are fulfilled. After all projections are drawn, a special procedure
based on cell splitting and smoothing is applied to remove degeneracies.
It is claimed that this method produces good quality fully hexahedral cells for
complex geometries, but it is not robust. Namely, it does not guarantee that the
generated mesh is valid. If the method fails, it is suggested to start it again with another
cell size h. This narrows the application of the algorithm to simple geometries.
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Fig. 2-19. a) 3D projection templates and b) illustration of 3D projection (from
Schneiders and Bunten, 1995).

Another disadvantage of this algorithm is the usage of uniform Cartesian cells.
This leads to an excessive number of elements. In (Schneiders, 1996) the method is
generalised in 2D using 1:9 tree structure (Fig. 2-20 a) and in the 3D case using 1:27
tree (Fig. 2-20 b). These structures are used instead of simpler quadtree and octree to
avoid hanging nodes in the generated mesh, which are not allowed in the numerical
schemes under consideration. Although all generated cells are quadrilaterals/hexahedra,
it can be seen that mesh size change rapidly. Also, cell subdivision can lead to small
dihedral angles decreasing mesh quality. The quality of these 3D meshes is improved in
Schneiders and Bunten (1995) and in Schneiders (1995) by application of trial-and-error
procedure during Lalpace smoothing.
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Fig. 2-20. a) 1:9 tree structure and projection mesh generation and b) 1:27 tree structure
and projected surface mesh (from Weiler et. al., 1996).

2.9.3 Minimum Distance Methods

In multiple projection methods intersections of projections with geometric
boundaries are required to be calculated. Also, in/out tests are based on ray-casting
algorithm. This imposes 'clean' properties on input models. Another class of projection
methods is suggested by Smith and Leschziner, 1996. Projections in these methods are
based on connection of nodes with the closest points on geometries. The original
method was developed for 'clean' geometries using octree decomposition and ADT
localisation (Bonnet and Peraire, 1991) (Fig. 2-21). The method consists of the
following stages:
•

Define flow domain

•

Generate octree

•

Discard intersecting cells
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•

Gather front

•

Project front points to geometry

•

Refine boundary layer

The principle of the projection technique is illustrated in Fig. 2-21. Initial surface
projections are drawn, following Schneiders (1995), via subdivision of an angle
between two front edges. A point is obtained in the 'projection direction' . After that, a
box enclosing the point is considered. Geometrical elements intersecting the box are
extracted. The closest point from the front vertex to the geometry within the box is
found. It was reported that this approach was sufficient to capture convex features. For
concave discontinuities a special treatment was suggested. Namely, all concave features
are identified. If a concave feature is located close to the testing box, the minimum
distance to this edge is considered.
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Fig. 2-21. Illustration of the 2D projection: a) front and b) projection algorithm (from
Smith and Leschziner, 1998).

A 3D octree-based projection algorithm is also reported in (Wang, 1998). It is
based on the principles of (Smith and Leshziner, 1996). The minimal distance rule can
efficiently resolve convex features, but completely looses concave ones (Fig. 2-22).
After the projection stage the so-called repair algorithm is applied to reconnect some
projections. No detailed description has been found in the literature. The information on
robustness and quality of the geometry approximation is not available.
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(a )

(b)

(c)

(d)

Fig. 2-24. Feature resolution with mesh refinement: a) input geometry, b) coarse mesh,
c) regular mesh and d) fine mesh (from Wang, 2001).

2.9.4 Hybrid Projection Methods

In (Tehan et. al., 1997) a mesh generation technique based on modified octree
(Section 2.9.1) and the multiple projection approach (Section 2.9.2) is developed. Its
stages are illustrated in Fig. 2-25. After octree domain decomposition intersecting cells
are removed. Sharp geometrical features are detected. Front is smoothed and its nodes
are moved to the sharp edges. Degenerated cells are smoothed and subdivided using
splitting strategy developed in (Schneiders, 1995). Finally, a boundary layer mesh is
generated starting from the generated surface mesh inserting several layers. This
method is also applied to 'clean' simple geometries. During projection poor quality
elements can be generated and the robustness of the method is questionable.
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Fig. 2-25. Stages of the octree-based projection mesh generation (from Tchon, et. al. ,
1997).
A modification of the 2D and 3D methods described in Section 2.9.2 combined
with the minimum distance projection is presented in (Su et. al., 2004). The technique
generates conformal mulidomain fully hexahedral meshes using the following stages:

1) Generate uniform base meshes covering the entire domain.
2) Project front faces to the geometry using the minimum distance rule.
3) Match mesh edges with the edges of the model using the minimal deformation
angle approach.
4) Match mesh nodes using the minimal warp angle approach.
5) Remove degenerated elements using splitting and insertion techniques.

2.10 Conclusions to Chapter 2
In this section literature review of some mesh generation techniques have been
presented with particular attention to Cartesian-based and projection methods. Firstly,
general requirements on grids and the traditional classification into structured,
unstructured tree-based have been outlined and briefly discussed. The classification of
mesh generation methods into parametric, insertion/creation, domain decomposition and
hybrid techniques has been also presented.
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Classification of Cartesian methods has been based on the near boundary mesh
structure. The following advantages of these meshes have been mentioned: fast and
simple algorithms, efficient memory usage, automation and high accuracy of numerical
algorithms. However, in stair-cased, cut cells and MC-based methods near boundary
cells do not adapt boundaries and the resulting mesh is non-body-fitted. Despite the
regular structure away from the boundaries, generation of high quality boundary cells
requires development of special algorithms. One of the main problems is small cells
strongly affecting solution accuracy. Another problem is irregular near boundary
structure restricting application of these methods. Although, they are well developed in
2D and 3D, solver modifications or cell merging techniques to tackle the above
problems are non-trivial and sometimes not achievable in 3D.
It has been said that methods for structured and unstructured meshes can be

combined with Cartesian base mesh. In body-fitted methods mesh generation can start
from boundaries and Cartesian cells or purely Cartesian mesh surrounding the
geometry. The first class is sometimes called B2I (Boundary-to-Interior) and the second
one is I2B (Interior-to-Boundary).
B2I methods are based on unstructured meshes, which fill a gap between the
geometry or the boundary layer mesh and base grid. Alternatively, they can fill the
entire domain. Structured grids can be employed for boundary layer mesh generation.
This combination has advantages of high quality near boundary cells and good
adaptivity, but robustness problems are inherited from the unstructured methods.
Another main difficulty is requirement of a priori surface nodes distribution or surface
mesh generation.
Unlike traditional B2I methods, mesh generation in I2B projection methods starts
with only spatial mesh surrounding the input geometry, which are intelligently projected
onto the boundaries. There are two described projection possibilities. The first one
moves cell nodes to the geometry changing near boundary cell shapes. The other one
draws projections between front nodes and geometries. On the one hand, the result of
projection should satisfy mesh quality requirements. On the other hand, the quality of
geometry approximation should be acceptable. Solving these two contradictory
problems makes the projection stage a non-trivial task. The main advantage of these
methods is a possibility to start with 'dirty' geometries. The main shortcoming is the
need of substitution of the original geometry with an approximation depending on cells
size. It should be noted that the details are usually poorly described in the literature.
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Several projection techniques have been reported in the literature. They originate
from the following techniques: modified-quadtree and modified-octree (follow Yerry
and Shephard, 1984), multiple projection (developed by Schneiders et. al., 1994), the
minimum distance projection (Smith and Leschziner, 1996). These techniques have
been further developed and hybrid methods also have been reported. Compared with
unstructured mesh generation methods, in general projection methods seem to be more
robust and automatic.
Application of the projection mesh generation methods for complex 'dirty'
geometries faces several challenges. Geometric data should be processed automatically.
The algorithms must be efficient and robust. Geometrical features should be detected at
the mesh generation stage. Special attention is required to select the base mesh size
suitable for calculations. Unfortunately, the description of the projection methods in the
literature is not satisfactory to make a conclusion that the problem of automatic and
reliable mesh generation for complex 'dirty' geometries has been completely resolved.
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Chapter 3. Octree Mesh Generation
3.1 Introduction
As described in Chapter 2, in the projection meshing there are two main stages
using different data structures and methods: generation of a base mesh surrounding the
input geometry and projection itself. In this chapter the first stage is investigated in
detail. To create a valid surface or spatial grid, the base mesh should possess certain
properties and special care must be taken during its generation.
The simplest way to construct a base mesh is to consider uniform cells. However,
this approach is not practical for engineering applications due to a need of an extremely
large number of cells for complex geometries. Tree data structures are employed to
resolve this problem. Using them domain decomposition is performed by a hierarchical
subdivision (refinement) of tree cells. To reproduce geometrical details correctly, small
cells should be generated in the vicinity of the important geometrical features. One the
other hand, to avoid generation of an excessive number of cells, the process of
refinement should be carefully balanced. In this thesis octree has been chosen for
simplicity, however, the methods described in this chapter can be generalised to other
base meshes, for example, 2 N -tree data structure.
Octree domain decomposition (Knuth, 1975) is a starting point for many gridbased mesh generation methods. Its application in the projection methods leads to two
key questions: 1) How to achieve an automatic refinement? and 2) How to generate
octree cells suitable for projection? The first question is rather general, whereas the
second one is related to specific methods further used in projection.
In the literature refinement criteria are often omitted or only considered briefly.
However, they are extremely important for an automatic treatment around complex
models. In this chapter the differences between octree refinement for 'clean' and 'dirty'
geometries are described and the criteria are further extended to achieve an automatic
resolution of various complex features.
Prior to the projection external faces, edges and nodes of the base mesh are
collected into a front. To obtain a manifold (locally topologically equivalent to a flat
disc) surface mesh, the front mesh must also be manifold. This can be achieved by an
iterative elimination of certain undesired octree cell patterns. In this chapter it is shown
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that in order to generate a valid dummy boundary layer for the projection technique, the
patterns known in the literature need to be expanded.
Mesh generation methods are ultimately transferred into computer programs. The
main implementation problem is how to build a fast, memory efficient and robust
algorithm. For large models one of the key issues is geometry localisation. Several
methods have been reported previously. Some of them are discussed in this chapter.
One of the basic aims of this research programme is to apply as weak conditions
on the input geometries as possible. Although many projection methods are capable to
handle extremely poor input data, there remains one significant restriction: holes in the
model must be smaller than the reference base mesh size. This problem is discussed
below along with several semi-automatic hole detection techniques.
The scope of this chapter is as follows. In Section 3.2 the basic notions of the
octree domain decomposition are described. Octree data structure and implementation
issues are considered. In Section 3.3 the problem of geometry localisation is considered.
A combination of Uniform Grid and octree techniques is developed. The difference
between cell refinement for 'clean' and ' dirty' geometries is given in Section 3.4. The
criteria are further developed and summarised at the end of the section. Front data
structure and clean up procedures are developed in Section 3.5. The minimum
requirements on input geometries and hole detection methods are considered in Section
3.6. Finally, in conclusions (Section 3.7) the main results of Chapter 3 are summarised.

3.2 Octree Domain Decomposition
3.2.1 Basic Notions

Octree (octant tree) approach is a method of a hierarchical spatial decomposition
based on recursive uniform refinement of the root cell (root) or forest of roots covering
the entire computational domain. Its main advantages are simplicity, robustness and an
automatic ability of domain discretisation taking into account geometrical and
computational features. A number of 3D mesh generation methods is based on this well
developed technique (Frey and George, 2000). Below, the basic definitions of the octree
structure are given.

45

Chapter 3. Octree Mesh Generation

In this thesis a cubic bounding box covering the entire domain presents a root cell.
It is subdivided (refined) into 8 equal cubic cells. Each of them can be further split into
8 equal cells and so on. A subdivided cell is called parent with respect to the newly
generated ones called children. The root has no parent. The children of one parent are
called siblings. The cells without further subdivision (without children) are called leaves
or active cells. They define the base mesh. All other cells are referred to as inactive

cells.
The level of refinement (level) of an octree cell corresponds to a number of
subdivisions required to generate it. The root cell is assigned level 0. Its children have
level 1. The children of these cells have level 2 and so on. An example of octree data
structure is illustrated in Fig. 3-1. Octree cells can be refined up to the maximum

(refinement) level controlled by a user. Alternatively, the minimum cell size or feature
resolution size

l_reat

can be set up and the maximum refinement level is defined so that

the minimum cell size does not exceed it. Cells in various regions, for example near
certain boundaries, can be subdivided to user-defined levels. In Section 3.3.2 for
application of UG localisation initially all cells are refined to a specific level generating
uniform forest of leaves.

root

level 3

level 0
level 1
level 2

leaves

level 2
level 3

level 1

Fig. 3-1. Illustration of octree refinement and the corresponding tree diagram.

Two octree cells are neighbours by definition, if they share a face. Acijacent cells
can be neighbours or have a common edge or a node. To simplify data structure and to
smooth mesh transition, octree is balanced according to [2: 1] rule: it is iteratively
subdivided until the level difference between all adjacent cells does not exceed 1. In this
case a cell can have 0, 1 or 4 neighbours in each direction. Fig. 3-2 illustrates
neighbouring and adjacent cells for a balanced octree.
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Fig. 3-2. Octree cell neighbourhood: a) neighbouring and b) adjacent cells.

3.2.2 Octree Data Structure
Data structures play a key role in efficiency of computer programs. They define
how to store and access the information. As mentioned earlier, trees have a number of
advantages compared to the structured and unstructured grids. There are various
possibilities of choosing of what information to be stored and to be computed. In
practice the choice is made in such a way to balance memory and speed requirements.
There are several techniques for representation of octrees. In a linear octree each
leaf is described by a sequence of codes corresponding to a path from the root to the leaf
(Gargantini, 1982). We will consider a matrix octree, where each leaf is described by a
list of data links to the parent and children (Samet, 1989). It is possible to implement it
using arrays or pointers. In the first method all octree cells are numbered and the
information describing them is stored in arrays. For tree traversal parent cells contain
numbers (indices) of the children and vice versa (Fig. 3-3 b). If a cell is split, 8 new
array indices are occupied at the end of the used memory of the arrays. When required,
the memory for the arrays is dynamically reallocated. The advantage of this technique is
that the allocated memory can be used for all cells. However, treatment of indices can
be inconvenient especially for cell merging (in this case unused gaps can appear in the
arrays).
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Another technique is to represent parent-child links using pointers (Samet, 1982).
Each cell has a pointer to the parent and 8 pointers to the child cells. Leaves have no
children and their child pointers have NULL values. The root has no parent and its
pointer to the parent is also NULL. When a cell is split, its child pointers are allocated
to 8 new cell structures (Fig. 3-3 c). The advantage of this technique is that memory
reallocation is performed automatically. However, unlike in the array-based technique
small chunks of memory are reserved and freed many times. This can decrease the
overall speed of the program.

parent cell
0 I 2 .. .

parent
number

child
number

N

M

I I I I I IMI I I I INI I I I"· I I I

\_____,,)
used memory

allocated memory

pointers lo
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... I I ...
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pointer to
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allocated memory for chilch-m
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Fig. 3-3. Illustration of a) octree subdivision, b) array-based and c), d) pointer-based
techniques.

In this thesis the octree data is presented by means of C structures with pointers,
but child cells are stored sequentially (Fig. 3-3 d). The memory for them is allocated in
one go and for each parent only one pointer to the first child is stored. The pointers to
other children are calculated by shifting the pointer to the first one. Tests have shown
that this gives significant advantages in memory and speed in comparison with the data
structure described in the previous paragraph. For convenience the information for a cell
is gathered into a structure with the following basic fields:

• [ Centre coordinates (3 floats or 3 doubles)]
• A pointer to the parent cell (int *)
• A pointer to the first child (int *)
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• [ Number in the parent cell (char)]
• [ Level (char)]
• [ Other data ]

For a cubic octree cell other geometrical information (for example, coordinates of
the vertices) can be obtained based on the coordinates of the centre and the refinement
level. Moreover, it is possible to avoid even this information in memory. Octree cells
are always processed in one order by tree visiting algorithm (Section 3.2.3). Number in
the parent, cell level and centre coordinates can be computed, when moving from one
cell to another. Hence, the minimum information required to support the octree data
structure consists of two pointers.
Other data stored include links to the geometrical elements intersecting the cell
and flow parameters. The active flag keeps the active status. Other flags can indicate
location with respect to the geometry (inside, outside or intersecting) and if the cell is
marked for refinement, merging or other operations. Number in the parent cell (0-7)
defines a location of the cell with respect to the parent. By processing only parent's
intersecting elements the octree refinement is significantly accelerated. To reduce the
memory usage after a parent cell is processed, geometrical information can be freed.
During the octree refinement access to cell entities (nodes, edges and faces) and to
the entities of the neighbouring cells is constantly required. For a balanced octree this
information can be efficiently calculated based on the neighbour searching algorithms
(Section 3.2.3), entity numbering and link arrays. Each cell has 8 main and 18
additional vertices numbered from 0 to 26. Cell faces are numbered from 0 to 5.
Vertices within each face have local numbers from 0 to 8. Each face can be potentially
split into 4 sub-faces, which are numbered within the face from Oto 3 (Fig. 3-4). Edge
and sub-edge numbering is performed similarly. Link arrays represent connectivity of
cell entities. For example, a global (within a cell) vertex number can be found by a
global face number and a local vertex number.
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Fig. 3-4. Local and global node and face numbering.

For active cells access to neighbours and adjacent cells can be required not only
during mesh generation, but also during numerical calculations. This information can be
stored in memory or calculated each time it is needed. To reduce memory requirements,
neighbouring and adjacent cells are recalculated as explained in the next section.

3.2.3 Tree Operations
Operations on trees are classified into two main groups: topological and
geometrical (Frey and George, 2000). An example of a geometrical operation is finding
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cell-geometry intersections. The basic topological operations are visiting all leaves,
finding cell neighbours and finding adjacent cells. It should be noted that they are
significantly simplified for a balanced octree.
The following simple piece of pseudo code demonstrates recursive function
VisitActiveCells. To process all active cells within a given one, this function should be
called with a pointer to this cell as an input parameter. To make a loop over all active
cells, the pointer to the root should be supplied. Note that the function calls itself
without using a loop in order to reduce the number of operations.

COMMENT: name and input parameters
VisitActiveCells(pointer to cell pCell)
FUNCTION BEGINS

COMMENT: check, ifpCell 's cell is active and perform actions
IF pCell's cell is active
COMMENT: perform actions
RETURN

ENDIF
COMMENT: loop over pCell 's children by shifting a pointer to the first one
VisitActiveCells (pointer to pCell's child)
VisitActiveCells (pointer to pCell's child+ 1)
VisitActiveCells (pointer to pCell's child+ 2)
VisitActiveCells (pointer to pCell's child+ 3)
VisitActiveCells (pointer to pCell's child+ 4)
VisitActiveCells (pointer to pCell's child+ 5)
VisitActiveCells (pointer to pCell's child+ 6)
VisitActiveCells (pointer to pCell's child+ 7)
RETURN
FUNCTION ENDS

The topological operation of finding of active neighbours of a cell is used to avoid
keeping in memory additional information. In this thesis they are based on the
neighbour finding techniques suggested in (Samet, 1989). The basic idea is to traverse
the octree to a common parent and, after that, in the opposite direction to the
corresponding neighbouring cells.
For a balanced octree in many cases it is sufficient to find only larger neighbours
or neighbours of the same size. This is demonstrated in the following function
FindBiggerNeighbour. The input parameters are the following: a pointer to a cell and a
direction in which a neighbour is being searched. The function returns a pointer to the
neighbour or NULL, if a neighbour does not exist. Note that in the case of smaller
neighbours the function returns a pointer to an inactive cell.
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COMMENT- type of returning value, name and input parameters
pointer to cell FindBiggerNeighbour(pointer to root pRoot, pointer to cell pCell, face number Face)
FUNCTION BEGINS

COMMENT· local variable
pointer to cell tCell
COMMENT- check pCell
IF pCell = pRoot OR pCell = NULL
THEN RETURN NULL
ENDIF
COMMENT: check, if a sibling is being searched
IF pCell has a sibling common to Face
THEN return pointer to pCell's sibling
ENDIF
COMMENT- find a neighbour for the parent adjacent to Face, traversal up
tCell = FindBiggerNeighbour(pRoot, pointer to pCell's parent, Face)
COMMENT- check, if boundary/root has been reached
IF tCell = NULL
THEN RETURN NULL
ENDIF
COMMENT- check tCell's cell, traversal down
IF tCell's cell is active
THEN RETURN tCell
ELSE RETURN pointer to tCell's child opposite to Face
ENDIF
FUNCTION ENDS

The following function finds all active neighbours of a given cell for a balanced
octree in a given direction presented by a face number. It returns the number of
neighbours (0-4) and an array of pointers to them, if they exist:

COMMENT· type of returning value, name and input parameters
neighbour number FindFaceNeighbours(pointer to root pRoot , pointer to cell pCell,
face number Face, array of pointers to cell pNeigs[4])
FUNCTION BEGINS

COMMENT· local variables
pointer to cell nCell, cCell
COMMENT· check, if root or invalid input, no neighbours
IF pCell = pRoot OR pCell = NULL
THEN RETURN 0
ENDIF
COMMENT-find neighbour of the same size or bigger common to Face
nCell = FindBiggerNeighbour(pRoot, pCell, Face)
COMMENT· check,
IF nCell = NULL
THEN RETURN 0
ENDIF

if boundary/root, no neighbours

52

Chapter 3. Octree Mesh Generation

COMMENT ifnCell's cell is active, I neighbour
IF nCell's is active
pNeigs[O] = nCell
RETURN 1
COMMENT: ifnCell's cell is non-active.four neighbours for balanced tree
ELSE
COMMENT set I st neighbour as a child of nCells 's cell
cCell = shifted pointer to nCell's first child according to Face
COMMENT· check, if tree is balanced
IF cCell's cell is non-active
RETURN0
ENDIF
COMMENT· set I st neighbour
pNeigs[O] = cCell
COMMENT· repeat the previous block for 3 other children

COMMENT· 4 output cells
RETURN4
ENDIF
FUNCTION ENDS

3.3 Geometry Localisation
For complex models geometric algorithms must be carefully optimised. For
example, when searching the minimum distance from a point to a geometry, it is
possible to find the distances to all geometrical elements and choose the smallest.
However, when a number of points is of order of a number of the elements, for large
models this approach becomes totally impractical. To overcome this problem, elements
can be divided into groups and operations can be optimised by considering the elements
only from one or several groups. This division of geometrical elements into groups is
called geometry localisation. Other features, such as critical edges and points (Section
4.7.1), can be localised similarly.
The operation of finding intersections of geometries (self-intersections for a single
geometry) is illustrated in Fig. 3-5. To find intersections of two models, each element T
of model 2 is tested against the elements gathered from the selected groups obtained
after localisation of model 1.
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Fig. 3-5. Search of intersections: a) models, b) localisation and c) elements for testing.

The operation of finding the minimum distance from a point to a geometry usually
can be restricted to a certain distance. To localise the search, the groups in the vicinity
of the point are selected and the minimum distance search is performed for the elements
gathered (Fig. 3-6).

c)
geometry

a)

b)

Fig. 3-6. Point-to-geometry distance search: a) point P and geometry, b) localisation and
c) elements for testing.

3.3.1 Localisation Methods

Uniform Grid (UG) developed in (Franklin, 1978 and Akman et. al., 1989) is a
geometry localisation method usually applied in structured and structured-based
methods. The entire domain is covered by uniform boxes. They contain links to the
intersecting (or possibly intersecting) elements. To perform a geometrical operation,
several boxes are selected, their geometrical elements are gathered, repetitions are
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removed and the operation is carried out for the obtained elements (Fig. 3-7). The
efficiency of the localisation depends on the sizes of boxes and geometrical elements.

Fig. 3-7. UG geometry localisation: a) a model and a box and b) localised triangles.

Alternating Digital Tree (ADT) is also often used for geometry localisation
(Bonnet and Peraire, 1991 ). In this method a tree structure of boxes (leaves) containing
elements of the original geometry is created (Fig. 3-8). Small boxes are placed into
larger ones growing the tree from the leaves to the root. When a geometrical operation
is required to be performed, the tree is traversed starting from the root. Firstly, root
children are tested. After that, children of the chosen boxes are tested and so on until the
leaves are reached. The operation is performed on the elements containing in the boxes
of these leaves.

c)

a)

b)

Fig. 3-8. Illustration of ADT localisation.
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The octree structure itself can be used for geometry localisation (octree

localisation). As described in Section 3.2.2, active cells can contain list of links to the
intersecting triangles. To perform a geometrical operation, several octree cells are
gathered and their elements are processed. During refinement cells become smaller,
their lists become shorter and the domain decomposition is performed faster. However,
the root and the first subdivided cells contain long lists. For large geometries this
localisation can become extremely slow. Aftosmis (1997) suggested to employ a
combination of ADT and the octree localisation. Initially it is faster to apply ADT. After
a certain stage it is more efficient to use the octree localisation.

3.3.2 UG + Octree Localisation

Using ADT and the octree localisation requires two different data structures. On
the other hand, it can be seen that when all octree cells are split to a certain level, the
generated leaves constitute a uniform grid. Below, this simple idea is employed to
combine UG and the octree localisations.
Octree subdivision starts with force refinement, when all cells are split until a
certain level

N box .

The uniform leaves obtained are called octree boxes. They can be

presented by 3D arrays with i, j and k indices and the dimensions 2 Nbox x 2 N1,ox x 2 Nbox

•

As indicated in (Akman et. al., 1989), to map geometric elements to uniform boxes, it is
possible to apply the following 'rough' assessment. Indices bounding each element can
be easily found. After that, all boxes with these indices are assigned this element (Fig.
3-9). In the case, when a large number of elements is comparable to the box size, the
mapping can be improved by combining it with the algorithm suggested below. This is
especially useful for large geometries, since the optimal initial distribution can speed up
further algorithms.
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Fig. 3.9. Illustration of fast elements-to-boxes mapping: a) cells intersecting an element
are marked and b) cells detected by 'rough' assessment are marked.

It is suggested to localise geometrical elements using the following procedure. All
faces of the leaves can be processed by considering three sets of planes parallel to the
coordinate axes with uniform square grids. To generate all cell-triangle links, it is
sufficient to consider only one loop over the geometrical elements. Each triangle is
verified, if it is completely enclosed by an octree box. If not, than the intersecting planes
are found. For example, in Fig. 3-10 a) i - plane is drawn. Triangle-plane intersection
can be a point, a segment or the triangle itself. It defines integer indices in the plane
coordinate system (j and k in Fig. 3-10 b). These indices define the octree boxes
intersecting the triangle (i,j, k and i-1,j, kin Fig. 3-10 c).

i-J j

k

k

L,_-_j])

i j k

/
✓

j

z~

b)

X

c)

Fig. 3-10. Illustration of fast detection of octree boxes intersecting a given triangle: a)
triangle and i-plane, b) intersection in the plane and c) obtained octree boxes.

Using uniform boxes the most CPU-expensive stages of the octree localisation are
excluded without considering additional data structures. After the described above UG
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localisation octree is further refined in the normal way and the octree localisation is applied.
Child cells are processed based on the parent triangles and the parent lists are freed. In some
cases it can be more efficient to consider triangles of octree boxes instead of triangles of octree
cells. For this reason the lists of the octree boxes are not freed.

If force refinement is performed up to levelNbox, the number of the octree boxes is
2 N1= x 2 Nb"' x 2 N1=

.

The larger isNbox, the larger is the number of operations and

computer memory required for the localisation, but the less time is needed for
geometrical operations. In Fig. 3-11 a comparison of the UG + octree localisation time
(sec) versus the number of generated leaves is presented for a model containing 42,000
triangles. 2 4 x 2 4 x 2 4 octree boxes give satisfactory results only for coarse refinement.
2 5 x 2 5 x 2 5 division gives satisfactory results, but 2 6 x 2 6 x 2 6 is preferable for small
feature resolution sizes. This tendency becomes even more significant for larger
geometries. 2 7 x 2 7 x 2 7 has been not considered, since it requires too many octree
boxes to be generated making the geometry localisation too CPU-expensive.
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Fig. 3-11. Comparison of the UG + octree localisation time (t, sec) versus the number of
generated leaves (N) for a model containing 42,000 triangles.

The efficiency of UG + octree localisation depends on location of the geometry
with respect to the domain. In the case, when a model is not 'compact', the localisation
can become slow or even impractical, for example, when considering external flow
problems. In this case the domain for octree refinement should enclose the model, but
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not the external boundaries. Fig. 3-12 a) shows a model with a far boundary (usually of
a simple shape: parallelepiped, sphere or half a sphere). For octree refinement an
additional boundary obtained by shrinking the external one and enclosing the model is
considered (Fig. 3-12 b). It is suggested to generate first a mesh inside the shrunk
boundary (Fig. 3-12 c) and, after, that between it and the external boundary by inserting
prismatic cells using the similarity of the boundaries (Fig. 3-12 d).
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Fig. 3-12. Illustration of domain for octree refinement in the case of external flow
problems: a) initial geometry, b) with an additional boundary, c) mesh generated by
projection method and d) with prismatic cells.
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3.4 Cell Refinement
3.4.1 Refinement Criteria for 'Clean' Geometries

In octree domain decomposition cells are optionally refined near the boundaries to
the length scales allowing correct representation of the geometrical features. The easiest
automatic strategy is to subdivide to the maximum level (to the minimum size) all cells
nearest to the geometry. However, in this case for large models an excessive number of
boundary cells is generated making the process extremely slow and memory expensive.
Another approach to control refinement is based on manual setting of boundary
refinement sizes. An octree cell is subdivided, if the following conditions are fulfilled: it

contains an element from boundary B and the cell size is larger than the refinement size
of boundary B. Compared to the maximum refinement near the boundaries, this method
is more efficient. However, for large geometries manual setting of refinement sizes for
each boundary can be a laborious work. Moreover, this might be not enough for correct
resolution of geometrical details and several iterations of resetting can be required.
Another problem occurs, when the original geometry is not subdivided into a sufficient
number of boundaries. As a result, refinement becomes semi-automatic and extremely
time consuming.
For a fully automatic mesh generation process, development of an automatic
refinement is crucial. Its aim is to solve two contradictory problems. On the one hand,
the number of generated cells should be large enough for an adequate application of
meshing algorithms. On the other hand, to make the process efficient, the number of
cells should be as small as possible. In the literature automatic refinement is usually
considered for 'clean' geometries. It recognises geometrical features, such as sharp
edges and high curvature regions, and performs cell subdivision around them. Some of
the criteria are outlined below.
The widely used refinement criterion is to check variation of normals of the
elements intersecting a cell (Aftosmis, 1997). If it exceeds a certain threshold, the cell is
subdivided (Fig. 3-13 a) and b). The criterion works satisfactory for high curvature
regions and sharp edges. If a sharp edge lies exactly on a cell face, this criterion does
not work. To refine cells in this situation, the variation of the neighbouring cell normals
is also verified. If it exceeds a threshold value, the cells are subdivided (Fig. 3-13 c).
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Fig. 3-13. Illustration of cell refinement based on angles between normals of the
intersecting elements: a) high curvature region, b) sharp feature and c) two
neighbouring cells with a sharp feature.

Close geometric surfaces need to be separated by inserting cells between them. If
the surfaces are almost parallel, the angle criteria described above can fail. In
(Delanaye, 1999 et. al.) buffering is used: a cell with a high level of refinement leads to
refinement of its neighbours, the neighbours of their neighbours and so on to subdivide
several layers in depth (Fig. 3-14).

Fig. 3-14. Illustration of buffering for separation of close surfaces.

The problem of automatic octree refinement is more complicated as it might look
at the beginning. Angle-based criteria lead to the maximum subdivision around sharp
edges. Obviously, this is not required for all sharp features. However, it is not simple to
perform optimal refinement, because the cell sizes are also strongly related to the
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algorithms applied after octree decomposition. Despite over-refinement around sharp
features in our case, it will be seen in Section 4. 7 that it simplifies the technique of
resolution of critical geometrical features.

3.4.2 Internal and External Notions
In tree-based mesh generation methods internal/external notions play an important
role. After domain decomposition the background mesh covers the geometry
completely. If meshing is considered inside the boundaries, nodes and cells located
inside must be selected. In the case of external meshing, nodes and cells lying outside
should be gathered. The algorithms described below define internal/external statuses of
cells and nodes.
In the methods starting with 'clean' geometries ray-tracing (or ray-casting)

algorithm originating in CG is often used to determine a location of a point with respect
to a closed geometrical contour (O'Rourke, 1994). If a ray starting from the point
intersects the geometry even number of times, the point is located 'outside' (Fig. 3-15
a). If this number is odd, the point is 'inside' (Fig. 3-15 b). In the case, when a ray
touches the geometry or passes exactly between its elements, other rays might need to
be considered to make a decision (Fig. 3-15 c ). This algorithm can be applied to cell
vertices defining nodes lying inside or outside. For cells having no intersections with
the geometry it can be also applied to their centres defining internal and external cells.
Ray-tracing algorithm is robust and reliable. It has been used in many mesh generation
methods.

b)

a)

Fig. 3-15. Ray-tracing algorithm: a) even number of intersections, points A and B are
outside, b) odd number of intersections, the points are inside and c) more checks are
required.
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An alternative method for definition of cell locations is neighbour painting

(painting) algorithm. It also originates in CG and has been used in some projection
methods (Wang and Srinivasan, 2001). Initially, cells are classified as intersecting (if
their interior has common points with the geometry) or non-intersecting. One or several
non-intersecting cells are marked (painted). After that, their non-intersecting neighbours
are painted. The neighbours of their neighbours are also painted and so on until no
further painting is possible. Painted cells are declared ' external' or ' internal ' depending
on the domain configuration. They form the basis for further mesh generation (Fig. 316).
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Fig. 3-16. a) Base mesh and a starting point inside and b) internal painted cells.

Painting is significantly faster than finding ray intersections. In (Aftosmis, 1997;
Aftosmis et. al., 1998) ray-tracing is combined with cell painting to speed up
internal/external nodes definition. Due to various degeneracies (holes, coinciding
elements and others) ray-tracing algorithm is not suitable for ' dirty' models and cell
painting should be applied. Note that large holes in geometries can lead to incorrect
definition of the domain interior/exterior. This issue is discussed in detail in Section 3.6.
For ' clean' geometries node statuses can be defined after cell refinement has been
completed, since intersection checks for ray-tracing can be carried out for each node
independently. In contrast to that, cell painting is based on local properties. It can stop
in narrow regions, where cell refinement has not been performed sufficiently. In this
case some geometrical parts can become ' invisible' for further operations leading to
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incorrect geometry representation (Fig. 3-17). For 'dirty' geometries octree refinement
should not only take into account geometrical features, it also should provide correct
cell painting. The criteria for 'dirty' geometries are further developed in the next
section.

Fig. 3-17. a) Painting process can stop in narrow regions and some parts become
'invisible' and b) correct painting for a finer mesh.

3.4.3 Refinement Criteria for 'Dirty' Geometries

To start the projection technique, it is required to collect a front structure based on
the octree cells. The main challenge for automatic refinement is to separate close
geometric surfaces by generating octree cells between them. In Fig. 3-18 a) and b) cells
intersecting boundaries need further subdivision for correct application of the painting.
In Fig. 3-18 c) no further refinement is required.
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Fig. 3-18. Cell refinement near close surfaces: a), b) cells need to be split and c) no
subdivision is required.

For 'dirty' geometries connectivity of the elements and directions of the normals
can not be used efficiently. In the general case these models can be considered as
simply sets of triangles. The following refinement criterion is suggested to decide, when
cells need to be subdivided to resolve close surfaces. Firstly, for each octree cell the
figures obtained by cutting the intersecting triangles are inspected. For a pair of the
intersecting triangles the angles between their normals and a vector connecting the
centres of the cut figures are calculated. If at least one of them lies outside the range
(90 °-a close , 90 °+a c1ose ), the cell is marked for refinement ( a c1ose is a user-defined
parameter).
This criterion separates close surfaces intersecting one cell (Fig. 3-19 a). At the
same time subdivision is not performed in the case of a 'single' surface inside a cell
(Fig. 3 .19 c). The separating criterion should be also verified for the triangles
intersecting adjacent cells. In this case close surfaces passing through different cells are
detected and separated (Fig. 3-19 b).
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a)
b)
cut figure

c)

d)

Fig. 3-19. Illustration of separating criterion: a) close surfaces within one cell, b) close
surfaces within neighbouring cells, c) and d) no subdivision is performed.

Note that the centres of the cut figures can be found during cell subdivision and
stored in memory. Each one can be calculated approximately as a geometrical centre of
triangle vertices located inside a cell and the following intersection points: triangle
edges - cell faces and cell edges - triangle (Fig. 3-20). It would be easier to consider
centres of the uncut triangles, however, in the case of relatively large triangles; the
separating criterion might not work (Fig. 3-19 d).

estimated
centres
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I
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Fig. 3-20. Assessment of the centres of the cut figures.
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In addition, the following refinement criteria have been developed to meet the
needs of the projection technique. As mentioned earlier, around sharp features octree
cells are split to the maximum level. However, this might not be sufficient for
generation of painted cells with maximum level. Fig. 3-21 a) illustrates a concave
feature with cell c, which can not be painted. To paint these cells, it is suggested to
apply buffering near sharp features, i. e. subdivision of all cells several layers in depth
as shown in Fig. 3-21 b). After that, cell c can be painted (Fig. 3-21 c). The depth of the
refinement depends on the difference of levels of the painted cells and the maximum
refinement level.
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a)

Fig. 3-21. a) Cell c can not be painted, b) neighbours are refined and c) cell c is painted.

A cell is also marked for refinement, if it intersects a boundary interface (i. e. an
edge common to triangles belonging to different boundaries). This subdivision is
explicitly required, since it can be seen that other criteria might fail. Also, a cell should
be refined, if it intersects a.free (open) edge (i. e. an edge with only adjacent triangle).
Similarly to sharp edges, refinement to the maximum level is required to simplify
feature resolution techniques developed in Section 4.7. Since only painted cells are
considered as a base mesh for the projection, it is also suggested to subdivide a painted
cell in the case, if it has a smaller unpainted neighbour intersecting the geometry (Fig.
3-22).
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Fig. 3-22. Painted cells are subdivided, if they have unpainted neighbours intersecting
geometry.

3.4.4 Summary of the Refinement Criteria

During octree subdivision active cells are visited one-by-one as explained in
Section 3 .2.3. Several refinement criteria are verified for each cell. If a least one of them
is fulfilled, the cell is marked for refinement. After all cells are processed, the marked
ones are split. The maximum subdivision is controlled by the user-defined maximum
refinement level Nref• Cells of level

Nref

can not be split further. The refinement criteria

applied are summarised below.

Geometry-based criteria:

1) Verify angles between normals of the triangles intersecting a cell (Section
3.4.1).
2) Verify angles between normals of the triangles of adjacent cells (Section
3.4.1).
3) For each cell verify angles between centres of cut figures and normals (Section
3.4.3).
4) For adjacent cells verify angles between centres of cut figures and normals
(Section 3.4.3).
5) Verify, if a cell contains a critical (open, boundary or sharp) edge or a critical
point (Section 3.4.3).
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Other criteria:

6) Tree balancing (Section 3 .2.1 ).
7) Buffering for cells intersecting sharp edges (Section 3.4.3).
8) Refine a painted cell, if it has a smaller neighbour intersecting the geometry
(Section 3.4.3).
9) * User-defined refinement by setting boundary refinement sizes (Section
3 .4.1 ). This is an optional non-automatic feature that might be required in
some cases, when other criteria fail. It can be also used to control cell sizes on
particular boundaries.

3.5 Front Generation
3.5.1 Octree Preparation

Octree painting divides all active cells into internal (painted) and external. Cell
faces shared by internal cells become internal faces. A face common to internal and
external cells is external face. Front is a set of external faces, their edges and nodes.
Front nodes sharing one front edge are referred to as front neighbours. As mentioned
above, the front structure will be projected onto the original geometry.
Since in our approach only one normal (projection) is drawn at each front node,
the requirements on the front can be briefly explained as follows: it should be possible
to create a layer of prismatic cells starting from front faces (Fig. 3-23). However, this is
not automatically guaranteed after refinement and painting considered in the previous
sections. Below, the structure of the front is examined and techniques to create a front
acceptable for the projection method considered in Chapter 4 are developed.
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prismatic cells

front faces -----'-projections
Fig. 3-23. Prismatic cells generated on front faces.

The first trivial requirement usually considered for octrees is to split front faces
with four adjacent cells into sub-faces (Fig. 3-24). After that, each front face can have
one of the shapes shown in Fig. 3-25 a). Front faces can be triangulated, for example, by
insertion of new nodes at face centres according to the patterns shown in Fig. 3-25 b ).
Obviously, other triangulation patterns are possible. For example, a quadrilateral face
can be split into two triangles. Example of polygonal and triangular fronts is given in
Fig. 3-26.
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Fig. 3-24. Face splitting for the one-to-four connectivity.

□□□□□□ a)
Fig. 3-25. a) Valid front polygonal faces and b) their triangulation using face centres.
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Fig. 3-26. Examples of a) polygonal and b) triangular front structures.

To obtain projection onto geometry without inverted elements, front should be
manifold. Non-manifold cell configurations are discussed in (Smith and Leschziner,
1996). They are presented in Fig. 3-27. It is possible to 'disconnect' the front structure
as illustrated on Fig. 3-28. However, in this study undesired patterns are iteratively
removed by modifying the octree as described below.

front nodes'\:

b)
Fig. 3-27. Undesired non-manifold front cell configurations: a) front nodes are shared
by 6 front faces and b) front edges are shared by 4 front faces.
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front faces
front faces
front node

...,.

Fig. 3-28. Removal of non-manifold front nodes.

The first technique (front disconnection) is illustrated in Fig. 3-29. Undesired
configurations arise, where painted cells have only one common edge or node. To
remove this structure, the cells nearby these nodes and edges are subdivided and the
new non-intersecting cells are painted (Fig. 3-29 a). Octree cells can not be refined, if
they already have the

maximum

refinement

level.

To

eliminate

undesired

configurations, the nearby cells are unpainted (removed) one-by-one until the front is
disconnected (Fig. 3-29 b). This situation should be avoided, since it leads to incorrect
representation of the geometry.
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Fig. 3-29. 2D illustration of the front disconnection technique: a) refinement and
painting and b) refinement, painting and cell removal.
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Generation of a dummy boundary layer is described in Section 4.2.3. It can be
seen that even after application of the front disconnection some cell configurations can
cause problems. In Fig. 3-30 a) for a front node a projection can not be drawn to create
valid prismatic cells. This happens because two of its adjacent faces have normals
facing the opposite directions.
These forbidden cell patterns can be eliminated by removing cells one-by-one
similarly to the front disconnection described above. However, in some cases cell
removal can lead to new forbidden patterns eliminating more and more cells leading to
inappropriate approximation of the input geometry. It is suggested to apply first the
following front growing technique: a cell is added to the undesired pattern, if the newly
generated structure around the node become valid. This technique should be applied
carefully, without repetitive cell addition to the same front node. Otherwise it can lead
to over-painting. If the front growing technique is not possible to apply, the front
disconnection technique is applied. Permitted cell configurations are shown in Fig. 331. All other permitted patterns can be obtained using symmetry, rotation and changing
cell sizes.

---,:;:.i----

Fig. 3-30. a) An example of undesired cell configuration and b) a cell is added.

It should be also noted that unlike in other projection techniques octree cells
located too close to the geometric boundaries are not eliminated. Tests have shown that
this does not improve performance of the method, but in contrast, it can lead to
'dangerously' large distances between the front and the boundaries.
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Fig. 3-31. Permitted painted cell patterns around a front node.

Even after application of the front disconnection and the front growing techniques,
in some cases the projection-to-geometry in Chapter 4 can fail to reproduce the
boundaries correctly. If a front surface significantly differs from the original geometry,
the projection might not be flexible enough (Fig. 3-32 ). Tests have shown that this
occurs due to exclusion of some intersecting cells insignificantly overlapping the
geometry (Fig. 3-33).
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Fig. 3-32. Projection-to-geometry can fail, if the shape of the front significantly differs
from the geometry: a) octree front and b) mesh surface after projection.

The following front filling technique is suggested to overcome this problem. A
non-painted intersecting cell is verified, if it has two painted neighbours in the opposite
directions. In this case the cell is painted, if new forbidden cell patterns are not created.
The result of the application of this technique to the situation shown in Fig. 3-32 a) is
presented in Fig. 3-24 a). After that, the projection-to-geometry is performed correctly
(Fig. 3-34 b).

Fig. 3-33. Illustration of the front filling technique.
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Fig. 3-34. a) Octree front after application of the front filling technique and b) after
projection.

3.5.2 Front data Structure

Front nodes, edges and faces constitute a subset of all mesh nodes, edges and
faces. For a front node access to its front neighbours and adjacent front faces is
frequently required. For convenience and efficiency front entities are collected into a
separate data set presented by C structure with the following main fields:

• A pointer to the mesh node (int *)
• Number of front neighbours (char)
• A pointer to the first front neighbour (int *)
• Status flags (char)

A pointer to the mesh node provides a link between mesh and front structures.
Front neighbours are stored sequentially. To access a front neighbour, it is sufficient to
keep the number of neighbours and a pointer to the first one. For each mesh node its
adjacent faces are stored in memory (Section 4.2.2). Access to the front faces adjacent
to a front node can be obtained by considering the corresponding mesh node and its
adjacent faces. Neighbouring mesh nodes are also kept in memory. However, access to
front neighbours via mesh neighbours is more complicated. This situation is illustrated
in Fig. 3-35. Nodes A, B, C, Dare neighbours to node N. A, C and Dare front nodes,
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but only A and D are front neighbours to N. This explains why front neighbours are
explicitly stored for each front node.
--
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Fig. 3-35. Node C is a neighbour, but not a front neighbour to node N.

3.6 Hole Treatment
Octree refinement and front generation do not require any connectivity of the
geometrical elements. This, however, does not mean that for any set of the input
triangles and any refinement level, a front structure suitable for the projection technique
can be generated. A failure can occur, if the interior of the domain defined by the octree
significantly differs from the interior of the physical domain.
Octree refinement for ' dirty' geometries is applied in combination with cell
painting (Section 3.4). If a geometry has holes (gaps) larger than the reference octree
cell size, the domain interior can be defined incorrectly. Fig. 3-36 a) illustrates a
situation with a geometry containing 'small' holes and the interior painted from a
staring point P. In Fig. 3-36 b) a gap is larger than the octree cells. In this case painted
cells 'leak' through the hole and paint the entire domain.
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Fig. 3-36. a) Correct painting and b) incorrect definition of the interior for a geometry
with a 'large' hole.

For general-type geometries it is not trivial to develop refinement techniques
preventing incorrect painting. Since some parts of 'dirty' models can be interpreted
ambiguously, automatic shape recognition depends on hole (or cell) sizes. For example,
the algorithm 'sees' the geometry shown in Fig. 3-36 a) as a ' closed circle' . If holes are
larger, a ' leak' occurs during painting and the algorithm 'thinks' that the geometry is a
'thin unclosed contour' (Fig. 3-36 b). This explains why the main restriction on the
models for projection methods can be formulated as follows (Wang, 1999):

Reference base cells should be larger than gaps in the input geometry.

(3-1)

In practice this condition can be achieved, when all holes are not larger than the
smallest octree cells. Although the restriction (3-1) is rather general, finding and
capping holes for large 'dirty' geometries can be a complicated task. Several strategies
are given below.

3.6.1 Cell Pattern Recognition

A simple example of a geometry with a hole is presented in Fig. 3-37 a). With
mesh refinement cells become smaller and the octree ' leaks' through the hole (Fig. 3-37
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b) and c). 'Leaks' often start with one cell 'going through' the model. In this case they
can be recognised by the cell pattern shown in Fig. 3-38. The following hole capping
technique is suggested:

1) If an octree leaks for feature resolution size
with

/_reat ' > l_reat

2)

!feat '

l_reat,

another 'non-leaking' octree

is found.

is gradually reduced and new octrees are is generated until the described

above pattern is detected. The 'bottleneck' cell with only two painted neighbours in
opposite directions is marked and not used for further painting.
3)

!feat'

is further reduced until it reaches

!feat•

The main advantage of the described technique is that it does not require user
intervention. However, the process of hole capping can become relatively slow and it is
not guaranteed that all holes are ignored.
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Fig. 3-37. a) A triangulated pipe junction geometry with a 'large' hole, b) octree cells
are generated from both sides c) cells 'leaking' through the hole.
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Fig. 3-38. A 'bottleneck' cell with two painted neighbours in the opposite directions.

3.6.2 Offset Method

Another method of automatic hole capping is based on surface offset (Appendix
A). If an octree with feature resolution !feat 'leaks', the following operations are
suggested to perform:

1) A 'non-leaking' octree with feature resolution lteat' > /_rear is generated.
2) Based on a shrink-wrapped or a triangulated surface mesh (Chapter 4) with a
small offset is considered.
3) The obtained mesh is merged with the original model.
4) For the merged geometry an octree with feature resolution /_rear is generated.

The method is illustrated in Fig. 3-39. A coarse mesh with lteat' is shifted outside
the model to block 'leaks' and to open the original surface for finer detail resolution.
Although this technique is relatively fast, its application is restricted to the geometries,
where offset is possible. Another difficulty can be encountered in choosing the offset
distance. If it is too large, the octree can 'leak'. If it is too small, some details of the
original model can be lost.
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a)
b)

octree

Fig. 3-39. Offset method for hole capping: a) an original model, b) the model and the
offset geometry merged together and c) fine octree generated for the new geometry.

3.6.3 Visualisation of 'Leak' Paths

Prior to mesh generation models are usually prepared using graphical programs.
The most reliable way to prevent ' leaks' is to inspect models and cap large holes. The
best option is to close holes using automatic tools. Unfortunately, in many cases due to
the complexity of 3D models a number of non-trivial and laborious manual operations
can be required.
The following simple semi-automatic method significantly reduces the time spent
on hole detection. If a generated octree 'leaks', physically internal and external cells are
painted. A user can set up a pair of physically internal and external points. Using
painted cells paths connecting these points can be found and visualised to indicate,
where geometry has holes. Fig. 3-40 a) illustrates point A located inside and point B
located outside. The painted cell containing A is assigned number 1. Its painted
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neighbours are assigned 2. Their neighbours are assigned 3 and so on until the cell
containing B is reached. A path is generated starting with the cell containing B
connecting the centres of the numbered cells in the descending order (Fig. 3-40 b) until
the cell containing A is reached (Fig. 3-40 c).
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Fig. 3-40. Illustration of hole detection: a) octree cells are numbered from the cell
containing point A, b) a path connecting cell centres is generated starting from point B
and c) the path connecting points A and B.

This method has been implemented into VECTIS code (Ricardo Software,
VECTIS). An example of its application is illustrated in Fig. 3-41. Red lines show open
edges of triangles. The paths are visualised as green lines.

a)

Fig. 3-41. a) A model and paths indicating where octree cells 'leak' and b) zoomed.
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3. 7 Conclusions to Chapter 3
Generation of a base mesh, the first step in the projection method, has been
considered in this chapter. Octree domain decomposition is widely used in mesh
generation due to its flexibility, robustness, speed, simplicity and high quality of
generated cells. The basic notions have been outlined and some implementation issues
have been discussed.
To perform geometrical operations for large geometries efficiently, data structures
should be carefully optimised. The following geometry localisation methods have been
outlined: UG, ADT, octree localisation and a combination ADT + octree localisation.
Application of 'pure' strategies can be inefficient for large models. A combination UG

+ octree localisations has been suggested and implemented. In this approach initial
uniform octree domain decomposition imitates UG allowing fast geometry localisation.
After that, 'pure' octree localisation is used. For realistic geometries initial 2 6 x 2 6 x 2 6
uniform refinement gives optimal balance between CPU memory and speed. It has been
indicated that for geometries with far external boundaries, octree decomposition should
be performed in a smaller domain containing the input model.
Octree refinement is a process of optimal cell subdivision adequately resolving
geometrical features. In the literature it is mainly considered for 'clean' geometries.
After refinement internal/external notions are determined based on ray-tracing
algorithm. For 'dirty' geometries octree refinement is strongly related to the
internal/external notions defined by a cell painting algorithm. The refinement criteria
for automatic resolution of 'dirty' geometries have been further developed with the
emphasis to separate close geometric surfaces.
Prior to projection octree cells have to be examined and undesired cell
configurations must be eliminated. A new set of permitted front cell patterns has been
suggested and iterative procedures (front disconnection, front growing and front filling
techniques) adding and removing painted octree cells have been outlined. Ultimately,
external painted octree faces, their edges and nodes are collected into a front structure,
which also has been described.
Although octree decomposition can start with geometries having various
degeneracies (self-intersections, overlaps, thin elements, open edges), large holes can
lead to incorrect domain interior/exterior definition. They must be capped a priori.
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Manual finding of gaps in large models can be an extremely complicated task. Three
practical hole detection and capping strategies have been implemented and tested: 1)
small 'leaks' can be automatically prevented by stopping the painting through
'bottleneck' octree cells, 2) larger meshes with offsets can be used to prevent 'leaks'
and 3) holes can be visually detected using paths connecting user-defined internal and
external points.
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Chapter 4. Projection Mesh Generation
4.1 Introduction
3D mesh generation is an important and complicated problem. Traditional
unstructured methods impose 'clean' conditions on the input geometries. However,
many modem engineering applications can contain a number of degeneracies and
efforts required to repair them can be extremely laborious (see Chapter 1). Projection
methods are based on a different principle suitable for 'dirty' geometries. Unlike
unstructured methods, generation of a spatial mesh starts not from a surface
discretisation, but from 3D base cells surrounding the geometry. Their faces are
intelligently projected onto the boundaries, generating surface and volume meshes at the
same time. The main advantage of this technique is that the conditions on the input
geometries can be significantly weakened. The main difficulty is how to detect and
approximate important geometrical features.
In Chapter 2 projection mesh generation methods have been reviewed. They are

based on front node pulling and/or connection to geometric boundaries and important
features. After projection some elements can become invalid. They are 'repaired' by
applying special procedures. One of the main ideas of our approach is to preserve a
certain minimum mesh quality at every stage of the process. This guarantees that the
generated mesh is always suitable for calculations, but it also requires a careful
consideration of the underlying algorithms.
Unlike in other methods, the process of projection developed in this research
programme starts with construction of dummy prismatic boundary cells. They are
generated using only the local information of the octree front (Chapter 3). In other
words, geometric boundaries influence this process implicitly. The main purpose of the
rest of the algorithm is to approximate geometry as good as possible.
The main principle of geometry approximation is first to project all nodes to the
boundaries, after that, resolve important edges and, finally, approximate important
nodes. This can be justified by the following speculation: if for a complex geometry
accurate approximation of all features is not achievable, the priority is to have at least
correct boundary shape, if possible, edges and, ideally, together with nodes.
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The main target of the developed method is complex 'dirty' geometries. They can
contain not only various degeneracies, but also a large numbers of different boundaries
and features. It is particularly important to process them automatically. Consideration of
the input model starts with definition of important (critical) features. Their locations
depend on the shape of the geometry and user-controlled parameters. A situation, when
the number of octree cells is not enough to resolve all geometrical features is typical. In
this case our strategy is to approximate correctly at least the most important ones.
The analysis of this chapter starts with the preliminary considerations of the
projection methodology in Section 4.2. The conditions on mesh quality are chosen in
Section 4.3. In Section 4.4 the basic underlying mesh operations are developed. In
Section 4.5 optimisation techniques are explained. A process of dummy boundary layer
generation is considered in Section 4.6. After that, projection-to-geometry technique is
developed in Section 4. 7. Geometrical features are detected and the techniques to
resolve them are developed in Section 4.8. Finally, the main results of this chapter are
summarised in Section 4.9.

4.2 Background
4.2.1 Outline of the Method

To start projection, the model should be surrounded with base cells roughly
repeating its shape. The octree domain decomposition described in Chapter 3 has been
chosen as a simple and practical solution. Cartesian cells provide a stair-cased
representation of the boundaries (Fig. 4-1 a). Octree cells have high capacity of quality,
i. e. they can be significantly distorted retaining a certain quality and its faces can align

with the model boundaries.
At the next step a dummy boundary layer starting from the octree front is
generated. The initial boundary layer is illustrated in Fig. 4-1 b). It consists of prismatic
cells, obtained by drawing of 'ideal' line segments from the front nodes. Its quality is
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improved by applying smoothing and optimisation operations. This is necessary for
flexibility of further operations. At this stage, the generated mesh has relatively high
quality, but poor approximation of the geometry. The main purpose of the rest of the
algorithm is to approximate geometry as good as possible.
The next step is to create a basic approximation of the model. Front nodes are
pulled (projected) towards the geometry. Similarly to other projection techniques, this
method is also based on the minimum distance rule with some modifications (Fig. 4-1
c). Although this technique does not guarantee that all nodes are located exactly on the
boundaries, it is able to handle various degeneracies in the initial model.
Geometric features are classified into two groups: edges and points. Their
definition depends on several parameters. The projection method ' sees' the geometry as
a collection of elements (triangles), edges and points. First, the front nodes are pulled
towards elements, after that, towards edges and, finally, towards points (Fig. 4-1 d). In
some projection techniques, edges and points are resolved first. It has been found that if
cell sizes are larger than geometrical details, this can lead to inadequate approximation.
If for some reason the exact feature resolution is not possible, the technique developed
below decreases the approximation error as much as possible.
In some algorithms boundary layer mesh is generated by extrusion of surface
elements into the flow domain creating prismatic cells. In the method developed in this
chapter, the boundary layer is already generated. At the final stage, boundary prismatic
cells are iteratively split into two prisms preserving the minimum quality requirements
(Fig. 4-3 e). This process does not guarantee that all boundary cells will be refined to a
specified level, but it guarantees that the final mesh is valid for calculations.
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Fig. 4-1. The main stages of the projection mesh generation: a) front generation, b)
boundary layer generation, c) projection, d) feature resolution and e) boundary cell
refinement.

4.2.2 Mesh Structure

The structure of the mesh undergoes several transformations during the projection
mesh generation. After octree decomposition (Chapter 3) Cartesian cells with one-tofour neighbourhood surround the input geometry. Octree cells far from the boundaries
(core) are not involved in the projection process and remain unchanged (Fig. 4-2). Their

simple structure can be used to reduce memory and speed up not only mesh generation
process, but also numerical calculations. The cells between the core and the front can be
distorted, but remain topologically unchanged. Initially, all elements in the boundary
layer are prisms with the polygonal bases shown in Fig. 3-25 a). During feature
resolution (Section 4.7) boundary nodes can be merged together, faces and cells can be
merged and split. Examples of boundary cells are given in Fig. 4-3. At the final stage
this 'prismatic' boundary layer is refined in the direction normal to the boundaries
(Section 4.8). The described mesh structure is illustrated in Fig. 4-2.
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Fig. 4-2. Schematic illustration of the mesh structure.
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Fig. 4-3. Examples of 'prismatic' boundary cells.

An unstructured mesh can be described in terms of cells, faces, edges and nodes
(vertices). Cells are enclosed by internal and boundary faces without gaps. Each internal
face has two neighbouring cells (Fig. 4-4). Each boundary face has only one adjacent
cell. Faces are defined by sets of ordered vertices. Each node has several neighbouring
faces. Nodes are neighbours, if they share an edge. Neighbours of several layers in
depth (repetitive neighbours) are also considered. It is possible to gather node
neighbours, their neighbours and so on as shown in Fig. 4-5 a). On the other hand, it is
possible to consider the cells adjacent to the node, the cells adjacent to them and so on
and collect their nodes as illustrated in Fig. 4-5 b).
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Fig. 4-4. Illustration of mesh entities.
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b)

a)
Fig. 4-5. Illustration of neighbours in depth 2: a) node-based and b) cell-based.

In a computer program a polyhedral mesh is presented by C structures with the
main fields given below:

Node structure:
•

Coordinates (3 floats or 3 doubles)

•

A pointer to the first neighbouring node (int *)

•

A pointer to the first neighbouring face (int *)

•

A pointer to the front node or NULL (see Section 3.5.2) (int*)

•

Node attribute (char)

•

Number of neighbouring nodes (char)

•

Number of neighbouring faces (char)

Face structure:
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•

[ Centre coordinates (3 floats or 3 doubles) ]

•

[ Normal vector (3 floats or 3 doubles)]

•

A pointer to the first vertex (int *)

•

A pointer to the first neighbouring cell (int *)

•

A pointer to the second neighbouring cell (NULL for boundary cells) (int*)

•

Face attribute (char)

•

Number of vertices (char)

Cell structure
•

[ Centre coordinates (3 floats or 3 doubles) ]

•

[ Volume (float or double) ]

•

A pointer to the first face (int *)

•

Cell attribute (char)

•

Number of faces (char)

Due to a potentially high level of refinement near geometrical features, for the
developed technique the memory treatment becomes a crucial issue. It is particularly
important to dynamically allocate variables, when necessary and free, when no longer
required. To minimise the memory usage for the mesh structures, char variables (0-255)
are used instead of int for keeping numbers of neighbouring nodes, numbers
neighbouring faces, numbers of face vertices and numbers of cell faces. On a 32 bit
machine it is required 1/4 and 8 bytes to store a char/int, int *, float and double variable
in memory. If C structures are organised so that smaller fields follow the larger ones (as
shown above), the memory usage is minimised.

It is possible to avoid keeping in the memory the variables shown in square
brackets and recalculate them each time their values are needed. This requires more
CPU-time, but leads to significant memory savings. In most cases it is possible to use

floats instead of doubles without noticeable loss of data. This requires careful
implementation including scaling of the input geometry at the beginning and rescaling
back to the original size at the end. It should be also noted that the actual memory
consumption, for example, for a mesh node is defined by a number of the neighbouring
nodes and faces.
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4.2.3 Boundary Layer Mesh Generation

In this section generation of a dummy boundary layer is explained. Initially, this
layer consists of prismatic cells and it is created based on only octree cells with an
implicit influence of the geometry. It has the following advantages:

1) For a prismatic near boundary cell structure projection, optimisation and
feature resolution algorithms are significantly simplified.
2) To generate a boundary layer mesh, cells can be simply refined in the direction
normal to the boundaries.

To explain how a boundary layer is generated, the following notions are
introduced. The 'ideal' direction for a front (Section 3.5) node is defined by the
following weighted vector:

I

a face n face
node faces
nnode =

I

I a face n face

(4-1)

1'

node faces

where

n face

are external normals of the adjacent front faces and a face is an angle

between the face edges at the front node (Fig. 4-6 a). In particular, for the octree
patterns presented in Fig. 4-6 b) the 'ideal' directions have equal angles with the
neighbouring front face normals.
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a)

b)

Fig. 4-6. a) Illustration of the 'ideal' direction for front node N and b) examples of
'ideal' directions.

A local length scale of a front node is introduced as an average of the lengths of
the neighbouring front edges:

L ledge
node edges

_

N

l node-

(4-2)

,

edge

where

ledge

are lengths of the adjacent front edges and Nedge is their number.

The simplest idea of the prismatic cell generation is to consider at each front node
a normal in the 'ideal' direction and to create a frame for boundary cells (Fig. 3-23).
Unfortunately, in the general case the quality of the generated layer (Section 4.3) can be
relatively low due to high distortion of faces.
To overcome this problem, the following algorithm is suggested:

1) Generate an initial boundary layer by drawing from each front node a normal in
the 'ideal' direction (4-1) and with a length equal to one 1/3 of the node length
scale (4-2).
2) Shift near boundary nodes so that the vectors connecting them with the
boundary nodes become collinear to the 'ideal' directions of the newly generated
front (Fig. 4-7).
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normals
front

b)

a)

Fig. 4-7. Generation of the boundary layer.

The coefficient 1/3 has been chosen to avoid self-intersections of the neighbouring
faces. Note that octree balancing (Section 3.2.1) gives a smooth distribution of front
length scales, which is important for generation of valid boundary layer cells (Fig. 4-8).
After the boundary layer has been generated, the validity requirements (Section 4.3.3)
are verified after every mesh operation to preserve the minimum quality.

Fig. 4-8. An example of a dummy boundary layer: a) octree front and b) octree with a
dummy boundary layer.
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4.3 Mesh Quality
A 'good' numerical mesh should adequately represent (approximate) geometrical
boundaries, should be suitable for calculations (valid) and should be of high quality.
The approximation is evaluated based on assessment of the difference between the
original surface and the boundary faces of the generated grid. Mesh quality is usually
estimated based on various geometrical notions. Due to complexity of 3D meshing,
often generation of a valid mesh possessing only the minimum quality requirements is
regarded as a satisfactory result.

In projection methods approximation of geometry is achieved by placing of the
front nodes to the boundaries. Many meshing techniques first generate invalid cells and,
after that, employ repair algorithms to make them suitable for calculations (see Chapter
2). In some cases it is not guaranteed that at the end of the process all cells are
acceptable, i. e. the obtained mesh is valid. The aim of the approach developed in this
thesis is to develop a technique that always guarantees validity of the generated mesh.
In this section the notions of mesh quality and approximation are formalised using
simple geometrical terms.

4.3.1 Face and Cell Properties
A polygonal face in 3D can be described as a set of points (nodes, vertices) in
space and a rule defining the surface 'stretched' on them. A simple method is to define
this surface by triangles. Face properties depend on the way the face is triangulated. It is
a good practice to establish a certain rule and follow it during mesh generation and
numerical solution. In this section the following well-known notions are described:

•

Normal of a polygonal face

•

Centre of a polygonal face

•

Area of a polygonal face

•

Aspect ratio of a polygonal face

•

Centre of a polyhedral cell

•

Volume of a polyhedral cell
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For a triangular face with vertices

v1 =( x

1,

y 1 , z1 ),

v2 =( x

2 ,

y 2 , z 2 ) and

v3 =( x

3

,

y 3 , z 3 ) its centre is calculated as:

(4-3)

The normal of a triangular face oriented according to the 'right hand rule' is calculated
as:

(4-4)
Face area is denoted as 4,:

A

= nt,

tr

(4-5)

2

A normalised (unit) triangular face normal is denoted as:

et,

nt,

(4-6)

= lnt,I

The centre of a polygonal face can be also calculated as an average of the
vertices:

-av
C face

= N1

" -

(4-7)

L... Vver

ver face ver

This, however, makes its position sensitive to a number of vertices, even if the shape
remains 'the same'. To avoid this, a polygonal face is split into triangles and the centre
is calculated as a weighted average of triangle centres:
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C face

tr

=

(4-8)

LA,r
tr

The difference between

cface

and

cface

is illustrated in Fig. 4-9.

C face

-

av
C face

b)

a)

Fig. 4-9. Illustration of

1

c :ce

and

cface

for a polygonal face with a) 4 vertices and b) 6

vertices.

A normal of a polygonal face and a unit normal are calculated as:

nface

=

L A1re,r
face tr

(4-9)
e face

n face

= -_

I

n face

1

A polygonal face area is a sum of the areas of the triangles:

A/ace =

(4-10)

LA,r
face tr

Subdivision of a polygonal face into triangles is not unique. It can be based on one
vertex as shown on (Fig. 4-10 a). This can be inconvenient, because keeping face nodes
in a computer memory should always start with one particular vertex. Moreover,
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ambiguities in face definition are possible. For example, in Fig. 4-10 b) the triangulation
is based on vertex 1 and one out of three triangles is inverted (marked with'-'). Fig. 410 c) shows the same face triangulated starting with vertex 2 without inverted triangles.
A face can be split into triangles using its centre, which can be defined as follows:

1) Calculate the averaged face centre

c1;c, (4-7).

2) Split the face into triangles based on
3) Calculate the 'real' face centre

If

c face

significantly differs from

c1;c,.

(4-11)

cface ( 4-8).

cface, ( 4-11)

can be recalculated using

c face

as a new

estimate of the centre. However this will not be used for the projection method. It is
important that after the centre is calculated, face splitting into central triangles is
defined. This subdivision has one more advantage: star-shaped polygons can be split
without inverted elements (Fig. 4-10 d).
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Fig. 4-10. Face subdivision is based on a), b), c) one vertex and d) face centre.

To measure the difference between a mesh face and an 'ideal' element, a
polygonal aspect ratio can be estimated. Firstly, there are several definitions of aspect
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ratio of a triangle. One of them is calculated as a ratio of a diameter hmax (the longest
edge) to a radius of the inscribed circle r (Frey and George, 2000):

µ=k

h

(4-12)

max,

r

where the normalisation coefficient k

=

1
~ gives the value µ
2-v3

= 1 for a right triangle.

In practice it is more convenient to use the so-called degradation of a triangle
rJ

E [

0, 1]:

1
µ

(4-13)

rJ = -

It can be also calculated as follows:

(4-14)

where p is a half perimeter of the triangle.

The aspect ratio of a flat polygon can be defined as the ratio of the radius of the
maximum subscribing circle to a radius of the minimum circle that can be inscribed. It
is sufficient to estimate it based on the aspect ratios of the central triangles (Fig. 4-11).
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h ma"'

a)

b)

Fig. 4-11. Illustration of aspect ratio for a) triangles and b) polygons.

A signed volume of a tetrahedron with vertices

v; =( X;,

Y;, z;) can be calculated

as follows:

1

V,,1 = 6

X 2 -X 1

X3

- x1

- y,

Y3

-y,

Y2

Z2 - zl

z 3 -z 1

X4 -XI
Y4

-y,

z4 - z1

1

X1

Y1

z,

1 1
6 1

X2

Y2

Z2

X3

Y3

Z3

1

X4

Y4

Z4

(4-15)

Naturally, calculation of a polyhedral cell volume can be based on the subdivision into
the tetrahedra using cell and face centres (central tetrahedra) (Fig. 4-12). In Section 4.3
this subdivision is also used to estimate quality of a polygonal cell. Similarly to (4-7),
the average vertex is first found as:

-av
C cell

= N1

" -

(4-16)

L.., vver

ver cell ver

Using

ct:

11

a cell is split into central tetrahedra and the 'real' centre is calculated as

follows:
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cell tet

c ce/1

(4-17)

= ~ "~--,
L, V,ct

cell tet

where

c,.,

is a barycentre of a tetrahedron:

- = -1
c,.,

"L, -vver
4 tet ver

(4-18)

A signed volume of a polyhedral cell is a sum of signed volumes of the central
tetrahedra:

Vee/I =

(4-19)

LV,e,
cell tel

For this subdivision star-shaped polyhedral cells can be split into tetrahedra without
negative volumes. Note that a face centre defines its shape and its choice is important
for the calculation of the area (4-10). On the other hand, to calculate cell volume in (419) any point can be used for subdivision into tetrahedra.

4.3.2 Approximation Assessment

To estimate the quality of approximation of the input geometry by the generated
mesh, it is required to provide an efficient technique to calculate a distance between a
polygonal face and a set of triangles d(F,{T}). In practice it can be based on
calculation of the minimum distances between selected points on F and geometry {T}.
The more points are taken, the more accurate, but more CPU expensive is the
calculation of the distance. For a polygonal face it is suggested to take the following
representative points Pi: the centre, the vertices and the centres of the edges (Fig. 4-12).
The distance between a face and a geometry is estimated- as:
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d(F, {T}) = min d(P;, {T}),

(4-20)

i

where d(P;, {T}) is the minimum distance between point Pi and geometry {T}.

a)
Fig. 4-12. Representative points for face-geometry distance assessment for a) a
triangular face and b) a polygonal face.

It can be seen that using only face vertices or face centre and vertices is sufficient
for an adequate approximation assessment. The chosen combination centre & vertices &
edge centres gives a satisfactory result for a wide range of input geometries. However,
in some cases even it can fail. This situation is schematically illustrated in Fig. 4-13 a).
All representative points lie 'exactly' on geometrical surfaces, but the approximation is
poor. In this case the pattern can be extended to include other points, for example, on
face edges as shown in Fig. 4-13 b ).

~ oeometrv
--::,

.I

a)

b)

Fig. 4-13. a) The standard pattern of representative points can fail to provide
satisfactory approximation assessment and b) the extended pattern with more points on
face edges.
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4.3.3 Validity Requirements
The higher is the quality of the generated mesh, the higher the accuracy of
numerical calculations can be obtained. To avoid meaningless calculations, meshes
must satisfy certain minimum quality requirements. In other words, they should be
valid. The choice of the minimum requirements depends on the mesh type and on the
numerical solver. In this thesis mesh is generated for a polyhedral solver described in
(Przulj and Basara, 2002). However, it can be seen later that the obtained grid can be
used for solution of various numerical problems. Below, mesh validity for polyhedral
cells is described using the geometrical notions from the previous section.
The essential requirement on any mesh is that all its cells have positive volumes.
Also, cells with extremely small volumes can lead to computational problems. Let us
denote a set of internal and boundary mesh cells as {C;nt} and {Cbnd} respectively, i-th
cell volume as Vi and the minimum allowed cell volume as Vmin. The first mesh validity
requirement is formulated as:

Vi > Vmin , V (for any) i E { C;nt} u {Cbnd}

(4-21)

The requirement of positive volumes does not guarantee that inverted cells are
excluded. An example of a 2D invalid cell with a positive volume is shown in Fig. 4-14.
It is possible to exclude inverted cells by demanding that all cells are convex polyhedra.
This, however, can make the feature resolution techniques too stiff to resolve geometry
correctly.

Fig. 4-14. a) An inverted cell with positive volume.
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It is suggested to weaken the convexity condition by considering the following

requirement. If i-th cell is split into central tetrahedra with volumes

Vii (Fig. 4-15), each

tetrahedron must have a positive volume:

(4-22)

where

Viet min

is the minimum permitted volume for a central tetrahedron. Many star-

shaped cells possess this requirement; however, inverted cells are excluded. It should be
noted that the generated mesh can be split into convex cells at the final stage of the
algorithm (Section 4.8) .

/

/

. --~-

/
/

Fig. 4-15. Subdivision of a polyhedral cell into central tetrahedra.

Extremely small faces can also cause computational problems. They can be
detected by assessment of face aspect ratios. For internal and boundary faces the
minimum allowed face degradations are defined as 'lmt and

'lbnd

respectively. The next

mesh validity requirements are the following:

(4-23)

(4-24)
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where f is face number, {F;nJ and {Fbnd} are sets of all internal and boundary faces
respectively.
Highly distorted cells can lead to poorly conditioned matrices and convergence
problems for numerical solvers. Cell distortion can be assessed by considering angles
between face normals and vectors connecting neighbouring cell centres (Fig. 4-16 a).
For boundary cells angles between face normals and vectors connecting cell centres and
boundary face centres are considered (Fig. 4-16 b ). This is also known as a non-

orthogonality requirement often used for mesh quality assessment:

(4-25)

(4-26)

where

ciJ

is a vector connecting centres of i -th and j -th cells, n1 is a face normal,

is a vector connecting cell and boundary face centres and ain1 ,

a bnd

cif

are user-defined

parameters controlling the angles.

b)

a)
Fig. 4-16. Illustration of face angles for a) an internal face and b) a boundary face.

During mesh generation faces with high distortion should be avoided or split into
flat sub-faces. Face distortion can be estimated based on splitting into central triangles.
It is required that the angles between any two triangle normals

angles) do not exceed a given warpage threshold

awarp

nft

and

nft'

( warpage

(Fig. 4-17):

(4-25)
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b)
Fig. 4-17. Illustration of face warpage angle: a) small, b) medium and c) large.

Conditions (4-21) - (4-27) formalise the minimum mesh requirements (validity).
Let us denote by V0 , 1 the volume of the minimum cell after octree refinement. The
following parameters are defined by a user and control the process of projection mesh
generation:

cell volume, 0.01-0.1 of Voct

Vmin,

Viet min,

volume of central tetrahedron, 0.-0.01 of Voct•

'lint, internal face degradation, 0.01-0.25.
'lbnd•

boundary face degradation, 0.01-0.25.

aint,

internal face angle, 70° -90°.

abnd,

boundary face angle, 70° -90°.

awarp,

face warpage angle, 70° - 90°.

(4-28)

One of the main ideas of the developed technique is to verify requirements (4-28)
at every step of the process to ensure that the final mesh is valid. The values of the
control parameters should be chosen depending on the solver requirements and on the
shape of the input geometry. For example, if the solver is insensitive to small faces, 'lint
and

'lbnd

can be chosen as close to 0. Fig. 4-18 a) shows a wing with an acute angle. If

the size of the base cells is relatively large, mesh boundary faces can have high aspect
ratio elements to approximate the model correctly (Fig. 4-18 b). In this case
be chosen as a relatively small value.
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The parameters (4-28) are also bounded by the technique to generate the initial
boundary layer (Section 4.2.3). For example, small values of a

int

are unreachable using

the current technique. The values of the parameters are also more restricted for meshes
used for motion. They should have a certain quality capacity to allow further mesh
distortion. For example, a

int

and

a bnd

should not be close to 90°.

a)

b)

Fig. 4-18. a) Input wing geometry and b) generated surface mesh with high aspect ratio
elements.

The values given in (4-28) only give a general idea of ranges of the control
parameters. By setting them too close to the ' ideal' values, the projection technique can
become 'too stiff to resolve geometrical features correctly. A good strategy can be to
set these parameters close to the extreme values, obtain satisfactory geometry
approximation and afterwards perform mesh optimisation improving the quality. The
requirements (4-28) have been chosen not only based on the general requirements on
polyhedral meshes, but also to make the projection technique flexible and correctly
resolve important geometrical features. Discarding some of the requirements can lead to
inverted elements or poor resolution of geometry.

4.4 Basic Mesh Operations
As indicated earlier, after a dummy boundary layer has been generated, the aim of
the projection technique is to obtain satisfactory approximation of the geometry. This is

108

Chapter 4. Projection Mesh Generation

achieved by means of the following mesh operations: optimisation (Section 4.5),
projection to geometry (Section 4. 7) and feature resolution (Sections 4.8). Below, the
basic tools underlying these operations are developed. Node drifting (Section 4.4.1)
moves a mesh node to a new position without changing connectivity information. Face
and cell operations (Section 4.4.2) change mesh topology, but do not alter node
positions. These operations lie at the basis of mesh refinement (Section 4.10).

4.4.1 Node Drifting

First, let us consider a situation, when an initial internal node N 1 is shifted to a
new location (target point) P 1 (Fig. 4-19 a). It is assumed that the validity requirements
(4-28) are met for all faces and cells. After node N 1 has been shifted to point P1, the
neighbouring faces (shown in bold) and the neighbouring cells (shaded) change shape
and their properties (volumes, centres, normals, etc.) need to be recalculated. Faces
shown in dashed lines do not change shape, but their internal angles also need to be
recalculated. Fig. 4-19 b) shows a boundary node N2 moving to a new location P 2-

. P,

N,
> - - --+ -----

----- -

--<

a)

b)
Fig. 4-19. a) Internal node N 1 is shafted to a new position P 1 and b) boundary node N 2 is
moved toP2.
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To retain mesh validity, it is suggested to apply a mesh operation as follows. Set
an 'ideal' target point for an internal or boundary node. The node is shifted to this
position and the validity requirements (4-28) are verified. If at least one of them is not
fulfilled, the node is returned to the original position and the target point is relocated
closer to the node. This makes the node gradually approaching (drifting) to the 'ideal'
position. Note that a large number ofrelocations of target points can be CPU expensive.
Also, if a new position is located too close to the node, the shifting can be omitted.
Node drifting is illustrated in Fig. 4-20. It consists of the following steps:

1) Set an 'ideal' target point P for node N.
2) Move node Nto point P.
3) Recalculate volumes and centres for the neighbouring cells.
4) Verify volume conditions (4-21) and (4-22) for the neighbouring cells.
5) Recalculate normals, centres and areas for the neighbouring faces.
6) Verify aspect ratio and warpage conditions (4-23), (4-24) and (4-27) for the
neighbouring faces.
7) Verify face angle conditions (4-25) and (4-26) for all faces of the neighbouring
cells.
8) If at least one of the validity requirements is not satisfied, return node N to the
original position, set a new point P* closer to N and repeat 2) - 8).

N

N

Fig. 4-20. Node N is shifted towards and 'ideal' position P to the target point P*.
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4.4.2 Topological Operations
The operations on mesh changing its connectivity information (topological
operations) include: face splitting into two sub-faces, faces merging, cell splitting into
two sub-cells and cell merging. For the sake of simplicity, these operations are applied
only to the cells in the boundary layer. These operations can be applied in the
combination with node drifting described above or for improving mesh quality (Section
4.5.5). An operation is applied, if the obtained mesh structure possesses a certain
quality, i. e. the mesh structure remains valid. The quality of the mesh is verified locally
to avoid unnecessary calculations.
Several examples of the application of the topological operations are given in Fig.
4-21. Boundary faces of two neighbouring boundary cells in the centre of the figure are
shaded. If an angle between two near boundary faces is small, they can be merged
together (Fig. 4-21 a). If a face has a high warpage angle, it can be split into sub-faces
as shown on Fig. 4-21 b) and c). Near boundary cells can be merged together by
removing a common near boundary face and by merging two boundary faces (Fig. 4-21
d). If they have a common internal cell, their internal faces can be also merged (Fig. 421 e ). Cell splitting is shown in Fig. 4-21 f). Note that the described operations preserve
the 'prismatic' boundary layer structure, when each boundary cell is a prism or a prism
with several subdivided faces.
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2 cells

3 cells

2 cells

/

\
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2 cells
1 cell

2 cells

c)

1 cell

Fig. 4-21. Examples of topological operations: a) face merging, b ), c) face splitting, d),
e) cell merging and f) cell splitting.
Another important example of cell splitting is given in Fig. 4-22. In this case a
boundary cell is subdivided in the direction normal to the boundary generating one
internal and one boundary cells (Fig. 4-22 b). This directional refinement can be applied
again as shown in Fig. 4-22 c ). This type of subdivision is used for boundary layer mesh
generation after geometrical features have been resolved.

2 cells

a)

4 cells

b)

Fig. 4-22. An example of directional refinement of near boundary cells.
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4.5 Mesh Optimisation
In mesh generation the aim of the optimisation procedures is to improve grid
quality. Non-topological optimisation considered below is based on smoothing, widely
used in mesh generation, to repair degeneracies and to enhance the quality of elements.
Smoothing techniques can be classified into the following groups: heuristic,

optimisation-based, physics-based and combined (Frey and George, 2000). Positions of
mesh nodes in the heuristic methods are calculated based on certain dogmatic rules
depending only on the local grid topology. In the optimisation-based methods mesh
nodes are moved so that the given quality metrics are optimised. The combined
approaches usually use heuristic techniques when possible and optimisation-based,
when necessary. Another type of smoothing is based on solution of a related physical
problem.
Smoothing of 3D meshes usually consists of two stages: 1) smooth internal nodes
with fixed boundary ones and 2) fix internal nodes and smooth boundary nodes along
geometry. Smoothing techniques can be applied iteratively by moving nodes to new
positions one-by-one using several sweeps over all nodes. Alternatively, a system of
equations can be derived based on the smoothing rule at each node. The solution of this
system leads to simultaneous repositioning of all nodes. This is usually faster than nodeby-node smoothing, but the iterative node displacement allows more control over the
mesh quality.

In this thesis mesh quality is controlled by the validity parameters (4-28). After
optimisation is applied the validity parameters are recalculated. In the first optimisation
strategy it is required that the mesh simply remains valid. It is applied to reposition
nodes along surfaces and to improve the quality of the near boundary nodes. In the
second strategy it is required that the worst local value of the validity parameters is
improved. This optimisation is used to enhance the quality of the internal nodes.
Optimisation techniques discussed in Sections 4.5 .1-4.5 .3 shift nodes, but retain the
topological structure of the mesh.
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4.5.1 Volume Smoothing
Laplacian smoothing is the simplest of the smoothing techniques. It places a node
at the average position of its neighbours. Weighted Laplacian smoothing can be written
in the following form:

(4-29)

where vn is a new node position, vn; are node neighbours and A; are weight
coefficients. If A;= J

E

[0, 1] and the previous node position is taken into account (4-29)

can be rewritten as:

(4-30)

In particular, for J =0 node position remains unchanged and for J = 1 the previous node
location is not considered. It should be noted that for polyhedral meshes Laplacian
smoothing often leads to inverted elements or degradation of mesh quality. This can be
avoided by applying smoothing only in the case, when the mesh quality is improved.
Smoothing is required at several stages of the projection technique. It is used for
mesh optimisation and for improvement of node distribution on the front during
projection and feature resolution. To preserve mesh validity, a node is shifted to the a
location using the node drifting techniques. Smoothing is used to set target points. In
this section Laplacian smoothing is applied for volume smoothing and smoothing along
geometric features. It has been chosen due to its simplicity and low computational costs.
However, other smoothing methods can also be used for the projection mesh generation.
For smoothing of nodes located on a surface only neighbouring nodes vn; in (430) lying on it should be taken into account. Similarly to the volume smoothing surface
smoothing is applied to improve front shape prior to projection. Note that large number
of sweeps or high values of the weighting coefficients can lead to large deviation
between front and geometry and over-smoothing.
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In the presented projection technique in some cases geometrical features can not
be fully recovered (Section 4.7). This can lead to irregular mesh patterns producing
artificial solution oscillations (Fig. 4-23 a). This effect can be reduced by applying
surface smoothing to the nodes with poor approximation (Fig. 4-23 b).

b)

Fig. 4-23. An example of smoothing of the regions with poor approximation: a) before
smoothing and b) after smoothing.

Optimisation of the internal nodes is based on the volume smoothing and the node
drifting (Section 4.4.1). First, a target point is calculated. The node is placed to the new
location and the properties of its neighbouring faces and cells are recalculated. If the
worst value of the parameters (4-28) is improved, in other words, the quality of the
mesh is increased, the new position is accepted. Otherwise, the node is returned to the
original position.

4.5.2 Smoothing Along Geometry
The main principle behind smoothing along surface is to shift and retain mesh
nodes on the surface. Ideally, all nodes should be placed exactly onto the surface. It can
be easily seen that application of the volume smoothing described in Section 4.5.1 leads
to a deviation from the original surface and the smoothing procedure requires
modification.
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For 'clean' geometries surface smoothing can be applied by moving nodes along
the surface explicitly. Fig. 4-24 illustrates node N lying on surface triangle

r;

with

normal ii1 • Smoothing in the plane with normal ii1 shifts N to a neighbouring triangle
T2 with normal ii2 • After that, N is moved in the plane with normal ii2 , until the next

triangle is reached and so on. This procedure is relatively CPU-expensive, but
guarantees that all nodes remain exactly on the geometry .

.
Fig. 4-24. Illustration of smoothing along surface for a 'clean' geometry.

In the general case smoothing along 'dirty' geometries can not use element
connectivity. Smoothing along surface can be based on volume smoothing and pulling
nodes back to the geometry using the minimum distance rule as shown in Fig. 4-25.
However, using a simple modification described below has been found more reliable in
terms of geometry approximation. Instead of the volume smoothing it is suggested to
smooth the node along the plane passing through the node with the normal estimated
from the mesh faces adjacent to the node. After that, the node is also placed back to the
geometry.

Fig. 4-25. Smoothing along surface: a) initial position, b) volume smoothing and c)
placing nodes back to the geometry.
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It should be noted that some cases it is not possible to place nodes exactly to the
geometry due to violation of the mesh validity. In this case smoothing can be avoided or
the node can be pulled to the boundaries closer using the node drifting techniques. An
example of application of the described procedure is presented in Fig. 4-26. Similarly to
the smoothing along surfaces, smoothing along edges is performed similarly to the
smoothing along geometry.

a)

b)

Fig. 4-26. An example of application of the smoothing along surface: a) initial situation
and b) after smoothing.

4.5.3 Boundary Layer Optimisation

The mesh under consideration consists of two types of elements: 'prismatic'
boundary cells and other polyhedra. The regular structure of the boundary cells can be
used to apply a simple optimisation technique consisting of the following steps: 1) Find
'ideal' positions of the near boundary nodes and 2) Apply node drifting (Section 4.4.1)
to the near boundary nodes with target points set to the 'ideal' positions. Several sweeps
of this procedure are iteratively applied during projection-to-geometry (Section 4.6) and
feature resolution (Section 4. 7).
The technique is illustrated in Fig. 4-27. Due to quality constrains, the nodes are
not necessarily coincide with the 'ideal' positions after the optimisation. Efficiency of
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this operation depends on the rule for finding 'ideal' positions. Obviously, there are
various ways to defined 'ideal' positions of the near boundary nodes.

a)

Fig. 4-27. Illustration of near boundary nodes optimisation. a) initial situation, b)
definition of' ideal' positions and c) new positions.

In the simplest form the 'ideal' position can be defined by a vector 'perpendicular'
to the boundary and a locally defined distance. However, if an 'ideal' position of a near
boundary node is defined independently for each node, self-intersections of the 'ideal'
boundary layer occur in concave regions. In our method these initial positions are
smoothed using several sweeps across all front nodes. The obtained positions are used
as target points for the node drifting. Note that even if the 'ideal' boundary layer
generates a poor mesh, degeneration of the near boundary cells is prevented by using
the node drifting.

4.6 Projection-to-geometry
4.6.1 'Minimum Distance' Technique

The first stage of the approximation of the geometry is placing nodes to its
surface. One of the approaches is to project the front to the geometry, i. e. place front
nodes to the closest points. This 'minimum distance' technique is simple and applicable
to any input data. However, its direct usage leads to several difficulties: after projection,
front nodes are clustered in the vicinity of convex features creating high aspect ratio and
extremely small surface elements. This also occurs, when the size of geometrical part is
small compared to the size of the front. Concave features and flat boundary interfaces
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are 'invisible' for the algorithm. Also, in some cases self-intersections of the mesh are
possible.
An example of application of the ' minimum distance' technique is given in Fig.

4-28. It can be seen that high aspect ratio triangle are generated around convex edges
and the concave ones are not resolved. Note that if a front is generated inside the input
geometry, its convex features become 'invisible' and after projection front nodes are
clustered around concave features.

Fig. 4-28. Surface mesh generated by applying the minimum distance rule to an octree
front surrounding the model from outside.

4.6.2 Modified 'Minimum Distance' Technique

To avoid generation of degenerated elements, the 'minimum distance' technique
described above should be modified or special measures should be taken after its
application. Below, it is suggested to modify the projection in order to generate meshes
of the minimum quality. First, it should be noted that the aim of the projection is not to
place all front nodes exactly onto geometry, but to provide a reasonable approximation.
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The process of shifting front nodes towards the geometry consists of several iterative
applications of the following stages: front drifting, front smoothing and mesh
optimisation.

Front drifting is based on node drifting (Section 4.4.1). First, for each front node a
closest point on the geometry is found. After that, an 'ideal' target point is set in the
direction of the closest point at the distance proportional to the number of applied
iterations. Front nodes are shifted gradually allowing uniform approach to the
geometrical boundaries. During front smoothing (Section 4.5.1) close front nodes are
repelled from each other and distant ones are pulled together. To make the projection
process flexible, mesh optimisation is applied. Positions of near boundary nodes are
optimised as explained in Section 4.5.3. Internal nodes are optimised as follows in
Section 4.5.1. These three stages are iteratively applied several times to achieve
satisfactory approximation of the geometry.
An example of its application is shown in Fig. 4-29. It can be seen that sharp

features and boundary interfaces are not resolved and concave and convex features are
treated in the same way. Also, in the general case it is not guaranteed that all front nodes
are placed exactly onto the boundaries. For 'clean' geometries the deviation is usually
extremely small. It should be noted that a very careful implementation is required to
make the projection-to-geometry process stable.

Fig. 4-29. An example of boundary mesh after projection.
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4. 7 Feature Resolution
4.7.1 Geometrical Features
To preserve important geometrical features, in many mesh generation methods
they are required to be explicitly identified. For triangulated models features usually
consist of characteristic edges and points (nodes) . They are defined by a geometrical
shape and interfaces between different boundaries. In this section a simple method for
defining critical features is considered. However, other methods for feature detection
can be used with the developed projection technique.
The simplest way to identify critical edges is based on the assessment of
dihedral angles between the normals of adjacent elements. If it exceeds a usercontrolled threshold

a sharp ,

the edge is classified as sharp. An example of a model with

detected sharp edges for various values of

a sharp

is shown in Fig. 4-30. For

some important edges are not classified as sharp.
critical.

a sharp

a sharp

a sharp

=45°

= 15° makes too many edges

=30° corresponds to the intuitive notion of sharp edges for the model.

Similarly, a point is called sharp, if an angle between the normals of its any two
neighbouring elements exceeds a user-controlled threshold

f3sha,p •

(\

I

\J'
b)

'
\)

{

\

c)

Fig. 4-30. Illustration of sharp edges: a) half of a model, sharp edges for b)
c)

a sharp

=30° and d)

a sharp

=15°.
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These simple rules fail to detect critical features in the case of smooth transition of
surface triangles in high curvature regions and open edges. For the sake of simplicity,
feature detection high curvature regions is not considered. To take into account
important features of 'dirty' geometries, in this thesis open edges are optionally
considered as critical.
If a geometry has several boundary types, interfaces between them are also
important. Usually, all triangles belonging to one boundary are assigned a unique
number. An edge is called a boundary edge, if its neighbouring triangles have different
boundary numbers.
To take into account interfaces of intersecting surfaces, it is suggested to find all
triangle- triangle intersections prior to mesh generation. It should be noted that no
condition is imposed on the number or locations of the critical features. This simplifies
the feature detection procedures and make them applicable to a wide range of input
data.
In some cases, the structure of critical edges can be extremely complicated and all
of them might not be approximated by the projection technique. To speed up
geometrical operations, the critical features are localised similarly to geometry
localisation described in Section 3.3.2. In order to resolve the most important features
first, critical edges and points are partially ordered.

4.7.2 Feature Resolution by Mesh Distortion

In projection techniques critical features (Section 4.8.1) are approximated
(resolved) by shifting towards them mesh nodes. In this thesis feature resolution
consists of several techniques. The first one, developed in this section, changes
positions of front nodes without topological modifications of the mesh.
The feature resolution by mesh distortion technique consists of the following
stages: finding the closest points on critical edges, selection of front nodes, partial
ordering and trial-and-error node drifting (Section 4.4). It is applied in combination with
mesh optimisation (Section 4.5) without changing mesh connectivity.
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At the first stage distances d(Pnode, Pedge) from each front node Pnode to the closest
point on the critical edges P edge are found. This operation relies on the localisation of
the critical edges. Based on the ratio d(Pnode, PedgeJ/lnode, where lnode is defined in (4.2),
front nodes relatively close to the critical edges are selected.
It is reasonable to start with projection of the front nodes with relatively small
values of d(P node, P edge). To achieve this, it is sufficient to perform fast partial ordering
of the pairs (P node, Pedge) into several groups so that for the pairs in the n-th group the
following inequality is satisfied:

(n -1) dmax

N groups

::;; d(Pnode• pedge)::;; n dmax '
N groups

(4-31)

where dmax=max d(Pnode, Pedge), Ngropus is the number of groups and n=l,2, ... ,Ngropus•
Projection of front nodes is based on the following procedure. For a selected front
node Pnode its approximation. After that, an 'ideal' target point is chosen as Pedge and the
drifting with local optimisation (Section 4.4.1) is performed. A new assessment of the
node approximation dnode is obtained. The new position is accepted, if one of the
conditions given below is fulfilled. Otherwise, the node is returned to the original
location.

(4-33)

This procedure is iteratively applied to all selected nodes. Despite relatively CPUexpensive operations, they are applied to a small number of front nodes and if carefully
implemented, the feature resolution can be performed relatively fast. Critical points are
resolved in the same manner. These techniques are applied after all edges have been
approximated. Tests have shown that if nodes are resolved at the same time, topological
patters can be created preventing correct approximation.
It can be seen that the feature resolution technique described above differs in

principle from the projection technique described in Section 4.6. Namely, during the
projection-to-geometry front nodes are gradually shifted to the boundaries. At the same
time, during the feature resolution their positions are changed in one go. It would be
much 'safer' to move nodes to new locations at small steps, like in node drifting
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technique described in Section 4.4.1. However, if different nodes are moved to close
locations, the motion can stop before resolving features, due to degradation of mesh
quality.
In our technique front node motion exploits the idea of high quality of the initial
boundary layer (Section 4.2.3). The higher it is, the better features can be approximated.
If a node is shifted to a new location, according to the modified node drifting its
neighbours are also moved, not to the features, but to optimised the local mesh quality.
Additional application of the optimisation techniques (Section 4.5) after each iteration
increases the overall mesh quality. Tests have shown that, if carefully implemented, the
feature resolution by mesh distortion resolves the vast majority of the critical edges. An
example of its application is presented in Fig. 4-31.

Fig. 4-31. An example of the resolution of critical edges. Some areas with unresolved
edges are highlighted.

124

Chapter 4. Projection Mesh Generation

4.7.3 Topological Feature Resolution

The feature resolution technique described in the previous section is rather
flexible, however, it does not allow all critical features to be resolved. The techniques
described below have been developed to improve the approximation by means of node
drifting (Section 4.4.1) combined with topological operations (Section 4.4.2).

Mesh distortion and splitting technique is explained using the example presented
in Fig. 4-32. Using mesh distortion (Section 4.7.2) node N can not be shifted to the
closest point Pon a sharp edge (or to the closes critical point), because it leads to a high
warpage angle of face F. To overcome this, the following modification of the mesh
distortion technique is suggested. After a front node is drifted to a new position, its
adjacent non-triangular boundary faces are subdivided into triangles and only after that
a new approximation estimate is found and the validity criteria (4-28) are verified. If a
satisfactory splitting combination is found, the new position is accepted. Otherwise, the
node is returned to the original location. It can be seen that face F in Fig. 4.32 b) has
been split into sub-faces F 1 and F2 •

Fig. 4-32. An example of application of mesh distortion and splitting technique.

The techniques described above can not resolve some critical features. One of the
situation is shown in Fig. 4-33 a). Front node N can not be shifted to the closest point P
on a sharp edge, because the aspect ratio of the neighbouring triangular face F would be
close to 0. Another modification of the mesh distortion technique (mesh distortion and

merging) is as follows. After a front node is drifted to a new position, its adjacent
boundary faces and the corresponding boundary cells are merged and only after that a
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new approximation estimate is found and the validity criteria are verified. If a
satisfactory merging combination is found, the new position is accepted. Otherwise, the
node is returned to the original location. It can be seen that face F in Fig. 4.33 b) has
been merged with its neighbour.

b)

a)

Fig. 4-33. An example of face merging and node motion to resolve sharp edge.

4.7.4 Feature Resolution by Node Merging

Although application of the feature resolution techniques described in Section
4.7.2 and Section 4.7.3 can resolve most of the critical features satisfactory, in some
cases the obtained topological patterns prevent further application of these techniques.
An example of this situation is given in Fig. 4-34 a) To achieve correct geometry
approximation front node N is required to be shifted to the neighbouring front node M.
Another suggested feature resolution technique (node merging) consists of the
following stages:
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b)

c)

Fig. 4-34. Illustration of the node merging technique.

Tests have shown that a combination of the developed feature resolution
techniques resolve sharp edges close to 90° and boundary interfaces satisfactory,
provided that the feature resolution size is small enough to separate the features. Some
test cases are presented in Chapter 5.

4. 7.5 Maximum Approximation

Feature resolution techniques developed in Sections 4.7.2-4.7.4 are relatively
flexible, but they does not guarantee 100% of feature capturing in the general case. To
improve geometrical approximation, it is suggested to apply them additionally at the
end of the algorithm with the following modifications: front nodes are shifted in the
direction of the closest nodes and critical features. This is achieved placing the target
points in the node drifting closer to the original positions. Several iterations over all
nodes are applied until no front node can be further shifted.
This 'naive' feature resolution procedure can not be used instead of the techniques
described above, because it moves all possible nodes instead of only those required.
This can lead to a situation, when two or more front nodes are located close to a critical
feature, but none of them can be further shifted and the feature remains unresolved.

4.8 Mesh Refinement
Meshes for viscous flow problems require particular attention. Near wall regions
are characterised by extremely high gradients. To resolve them correctly quality grids
with high refinement are needed. Cells generated after the projection have a generalised
127

Chapter 4. Projection Mesh Generation

prismatic shape (Section 4.2.3). Prism bases have the same number of nodes, but
possibly various splitting into sub-faces. Their sizes in normal directions are dictated by
the reference octree cells. Insertion of a boundary layer is possible, but special care
must be taken to preserve mesh quality. Instead of this, the already generated prismatic
structure can be used. A simple and robust splitting procedure for boundary layer mesh
generation is briefly explained below.
Each step consists of subdivision of a boundary cell into two generalised prisms.
Firstly new nodes are created between the corresponding vertices of the prismatic bases.
They bound a new polygonal face splitting the original cell into two. The quality criteria
(Section 4.3.2) are verified for newly generated cells and their neighbours. If at least
one of the criteria is not fulfilled, other splitting configurations of the three bases are
searched. If ultimately a valid splitting pattern is not found, the splitting operation is
cancelled and the cell structure is returned to the original situation.
A new boundary cell is assigned a split level corresponding to a number of
original boundary cell subdivisions. A boundary prism is considered for splitting, if its
height exceeds a target value and a split level difference between new cells and its
neighbours would not exceed one (similarly to difference between the levels of octree
cells). The splitting procedure is iteratively applied to the boundary cells until no cell
can be split. It can be used near all or user-defined boundaries. It is robust and
guarantees final mesh quality. However, it does not guarantee that every boundary cell
will be split equal number of times.

4.10 Conclusions to Chapter 4
In this chapter the general principles of the projection technique have been
considered. To guarantee that the generated mesh is suitable for numerical calculations,
the following new simple principle is considered. Starting with the octree front it is
possible to create a high quality prismatic boundary layer, which does not necessarily
produce correct approximation of the geometric boundaries. After that, mesh nodes are
moved one-by-one to improve the approximation.
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The projection methods described in the literature, which are based on the
minimum distance rule, allow generation of inverted and poor quality elements during
projection to the geometry and feature resolution. These elements are further eliminated
by the so-called repair techniques. Unlike in other projection methods, generation of
invalid cells is not permitted. The quality of the generated mesh is verified at every step.
To estimate the mesh quality, several characteristics are considered: 1) cell
volumes, volumes of the tetrahedra obtained after cell subdivision, angles between face
normals and the neighbouring cell centres and face centres, face warpages and 2)
distances from face vertices, edges and centre to the geometry. The first group is used
for assessment of the validity criteria. The second group is applied to estimate the
quality of the approximation.
These conditions have been carefully selected based on general unstructured
solver requirements and on the correct approximation of the geometry by the projection
method. The notions described above can be defined in other ways, but it is important
that they are calculated in the same manner during mesh generation and numerical
solution.
The projection method consists of several basic techniques: projection itself,
smoothing, optimisation and feature resolution. Their simplicity allows to perform the
operations fast. These techniques are used at various stages using node-by-node motion.
The tests have shown that projection to geometry using optimisation and smoothing
gives satisfactory results.
Several new feature resolution techniques have been described. It has been found
that feature resolution technique based on the boundary layer is relatively flexible, but
in some cases mesh topology must be changed to allow node motion. This has been
achieved by local splitting and merging techniques. In the case, when exact geometry
approximation is not achievable, the method reduces the approximation error as much
as possible.
Boundary layer mesh generation is based on the principle of anisotropic
refinement of the boundary cells. It has been considered taking into account mesh
validity. As a result, smooth refinement of the boundary cells can be obtained with all
cells suitable for numerical calculations.
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Chapter 5. Validation of the Method
5.1 Introduction
In this chapter several representative test cases are considered to demonstrate
applicability of the developed projection technique in design and CFD. The structure of
the sections below is organised as follows. Seven tests cases are given in the following
order: pipe junction (1), piston bowl (2), inlet port (3), separating models (4), sub-frame
(5), inline 4 engine (6) and Touareg (7). Each test case starts with a brief description and
the aims of the validation. After that, generated meshes and some statistical information
are presented. In several cases examples of numerical calculations are also given.
As indicated before, the primary interest of this research programme is a
possibility of robust mesh generation of pre-defined quality. The quality of the
generated meshes has been controlled by the validity parameters (4-28). Their values
are given in Table 5-1. Detailed assessments of the quality of the generated meshes and
the accuracy of approximation have not been performed.

Vmin

~ et min

rhn1

'lJbnd

a int

a bnd

a warp

0.01

0

0.1

0.1

75u

75u

75u

Table. 5-1. Validity parameters for mesh generation.

5.2 Test Case 1: Pipe Junction
The first test case is a simple pipe junction widely used in engineering (Fig. 5-1 ).
The model is 'clean' and consists of 1950 triangles. All dihedral angles between the
adjacent elements are close to 90°. This makes the model ' simple' for the projection
algorithm. The boundary types (inlet, wall and three outlets) are shown in Fig. 5-2 a).
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0.04m

z

z

0.15m

6_ ,

l._ ,

0.025m

0.115m

'

la_ ,
z

~

0.03m

'

Fig. 5-1. 'Clean' pipe junction geometry.

An unrepaired 'dirty' model consisting of 1911 triangles is shown in Fig. 5-2 b).
Red lines (351 in total) indicate open edges that must be 'stitched' to obtain a 'clean '
model. It can be seen that even for this simple example manual repair can require some
efforts. The aim of this section is to demonstrate generation of polygonal meshes with
boundary layer refinement starting with the 'dirty' geometry.

outlet

outlet
z

~

z

'

~

'

a)

b)

Fig. 5-2. a) Pipe junction boundary types and b) 'dirty' pipe junction geometry.
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3D meshes have been generated by the projection algorithm for the feature
resolution (Section 3.2.1) 1/eai=5mm and lJeac=l.3mm. The number of the generated
polygonal cells are 2223 / 21638 with 1043 / 7652 boundary ones. For 1/eac=l.3mm
boundary layer refinement (Section 4.8) has been also performed. Its structure is shown
in Fig. 5-3. Surface meshes are shown in Fig. 5-4. Sharp features of the model are
correctly approximated in both cases. It also can be seen that octree refinement is
performed only where necessary.

Fig. 5-3. A cross-section of a polyhedral mesh for lJeai=l.3mm.
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z

a)

z

b)
Fig. 5-4. Generated surface polygonal meshes for a) ltear=5mm and b) 1/'ear=I.3mm.
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For pure demonstration purposes the generated polygonal mesh has been used for
calculations using the solver described in (Przulj and Basara, 2002). It uses the standard

k - s model with wall functions. The calculations have been made for incompressible
flow of a gas at normal conditions with the prescribed velocity at the inlet lm/s
(Re::::;2500) and constant pressure equal to 10,000 Pa at the outlet boundaries. The
converged solution is shown in Fig. 5-5.

C:velocity_ vector
y

1.210e+OO
9.083e-01
6.062c-01
3.042c-Ol
2.070e-03

Fig. 5-5. Velocity vectors for a gas flow in a pipe junction.
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5.3 Test Case 2: Piston Bowl
The second model is shown in Fig. 5-6. It is 'clean' and consists of 26,352
triangles. In a typical application the piston moves towards the cylinder head and
backwards. To obtain moving meshes, a starting mesh of high quality is required to be
generated. The aim of this section is to demonstrate the performance of the developed
technique for various positions of the model with respect to the coordinate axes.

0.093m

._ y
z

z

b_ x
0.093m

0.019m

0.046m

y

._ x
Fig. 5-6. 'Clean' piston bowl geometry.

The initial position of the model and the detected sharp edges are shown in Fig. 57 a) and b). The generated surface mesh for

ifeat

=3mm (Section 3.2.1) with near

boundary faces is given in Fig. 5-7 c) and d). The model has been rotated at 15° around
z-axis several times. The generated meshes for the same feature resolution size are
shown in Fig. 5-7 e), f) and Fig. 5-8. It can bee seen that the sharp edges are correctly
approximated. Some statistical information is presented in Table 5-2. It can be seen that
although the values of the internal and boundary angles vary, the overall quality of the
generated meshes is satisfactory. It also can be seen that despite the restriction ain1 =75°
and

abnd

=75° (Section 5.1), the quality of the generated meshes is higher.
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b)

d)

e)

f)

Fig. 5-7. a) Piston bowl geometry, b) detected sharp edges c), d) e) and f) generated
meshes for

1/eat

=3mm.
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y

x,./
b)

c)

d)

y

e)

X
M

Fig. 5-8. Generated meshes for piston bowl geometry for
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Rotation around
z-axis
au

Maximum of the
generated ain1 and a bnd
44.31u

Number of cells

Number of
boundary cells

7007

2923

15u

70.96u

7756

3432

30u

62.88u

8052

3670

45u

60.96u

8190

3782

60u

64.12u

8207

3905

Table 5-2. Statistical information for generated meshes for piston bowl
geometry rotated around z-axis for

l_reat

=3mm.

5.4 Test Case 3: Inlet Port
The third test case is a 'clean' model shown in Fig. 5-9. It has 5344 triangles and 3
boundaries ('inlet', 'outlet' and 'wall') (Fig. 5-10 a). A half of the model consisting of
2782 triangles is presented in Fig. 5-10 b). It has several sharp edges, sharp points and
one more additional 'symmetry' boundary. The part selected in Fig. 5-11 presents some
difficulties for the projection method due to a relatively large distance from the front
generated inside to the sharp edge. The aim of this test case is to demonstrate the
performance of the projection technique around sharp features and between narrow
surfaces.
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0.075m

0.006

0.041m

0.3m
0.028m
0.126m

Fig. 5-9. 'Clean' inlet port geometry.

inlet •

b)

Fig. 5-10. Boundary types for a) inlet port geometry and b) a half of the model.
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I
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r

/

/

sharp points

/
/

Fig. 5-11. Critical edges and points for inlet port geometry.

The generated mesh for the feature resolution size /_rear=2.5mm (Section 3.2.1) is
presented in Fig. 5-12 a). It can be seen that the selected cell size does not allow the
geometry to be approximated correctly. Due to a large mesh size, the painting has been
stopped around the valve and a part of the model became 'invisible' for the algorithm.
Note that the generated mesh is formally valid for numerical calculations anyway.
The feature resolution size has been reduced to l_rear=lmm. In this case the octree
refinement has been performed correctly. The generated mesh is shown in Fig. 5-12 b).
The total number of cells is 27404 with 12357 boundary ones. A zoomed part is shown
in Fig. 5-13. It can be seen that in the 'narrow region', the model has not been
approximated ' exactly' . Application of the smoothing (Section 4.5.1) has led to
rounding of the mesh surface, where the approximation was unsatisfactory.
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y
X

a)
Fig. 5-12. Surface mesh for inlet port geometry for a) 1/ear=2.5mm and b) 1/ear=lmm.

Fig. 5-13. Surface mesh for inlet port geometry for 1/ear=lmm, zoomed.
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The mesh generated for lrear=lmm for the half of the model is shown in Fig. 5-14.
It can be seen that sharp features have been approximated correctly, despite the

relatively large mesh size compared with the distances between the sharp edges. It
should be noted that to achieve correct approximation of all sharp edges in the general
case, the feature resolution size should be reduced to allow at least 2-3 cells between the
neighbouring sharp edges. Otherwise, the technique can fail to resolve sharp features
correctly.

Fig. 5-14. Generated mesh for a half of the inlet port with lrear=lmm.

Numerical calculations for the valve geometry have been carried out using the
solver described in (Przulj and Basara, 2002) with the following conditions:
compressible air, fixed mass flow rate at the inlet equal to 0.0254 kg/s, prescribed
pressure 10,000 Pa at the outlet. The calculations have been made for the demonstration
purposes only. The converged solution is shown in Fig. 5-15.
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Fig. 5-15. Cross-section of the inlet port: a) velocity vectors and b) static pressure
distribution.

5.5 Test Case 4: Separating Models
The test case considered in this section consists of two models combined from
simple geometric objects: cones, cylinders and wings. The second model is a scaled
version of the first one. Together they are presented in Fig. 5-16. The geometry contains
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888 triangles. After the geometric objects have been merged together the models have
not been 'cleaned', i. e. the hidden elements have not been removed and the gaps have
not been capped (Fig. 5-17).

•
z

l.__

6- x

4.0m

y

l._ x

I.Om

z

7.0m

l.Om

Fig. 5-16. Separating models.

Fig. 5-17. Models have not been 'cleaned'.
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The aim of this section is to demonstrate the applicability of the developed
technique for mesh generation in aerodynamic applications accurately preserving the
given boundaries and also to show an advantage of a fully automatic mesh generation
process compared to the multiblock approach.
For the described geometry in (Adamov et. al., 1999) a multiblock mesh has been
generated for the numerical calculation of Euler equations of x-supersonic flow. The
technique reported in (Shevelko, 2000) started with several cross-sections perpendicular
to x-axis. Using graphical tools each cross-section has been split into subdomains
topologically equivalent to squares. After that, nodes have been placed onto the
boundaries of the blocks and meshes have been generated using transfinite interpolation.
Although, the geometry has a relatively simple shape, the number of manual operations
required to generate 2D meshes has been significant.
By using the developed projection method it is also possible to generate 2D
meshes. To achieve this, a 3D geometry can be made from a cross-section by
'thickening' along z-axis. After 3D mesh is generated, a cross-section with the obtained
2D mesh can be extracted.
Below a 3D mesh is generated for demonstration purposes. For calculation of
supersonic flows around the models, they can be placed in a relatively small box as
shown in Fig. 5-18 a). For subsonic flows the numerical domain is significantly larger
(Fig. 5-18 b). In this case the mesh between the models and the box is generated using
the projection approach and, after that, between the box and the external boundary as
explained at the end of Section 3.3.2.

-- l
ei..ternal boundary

I
i

I

~ ~

/1

-

'
-

-----

:- '

~

, ,:.-.,

L!J

I

octree domain
model

I
i

\

b)

a)

Fig. 5-18. Domain for calculation of a) supersonic and b) subsonic flows.
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For aerodynamic calculations accurate preservation of sharp features is extremely
important. As explained in Section 4.7.1, to detect them correctly, prior to mesh
generation all triangle intersections are found. After that, sharp, open edges and sharp
points (Section 4.7.1) have been detected. For

adih

=5° (Section 3.2.1) they are shown in

Fig. 5-19. It should be noted that for larger values of

adih

some important edges are

'invisible' for the algorithm.

Fig. 5-19. Sharp edges of separating models for

a dih

=5°.

The generated meshes on the surfaces for /_reat=5cm (Section 3.2.1) are shown in
Fig. 5-20 and Fig. 5-21. Three cross-sections with zoomed parts are given in Fig. 5-22.
It can be seen that a satisfactory approximation of the models has been achieved.
Overall, it can be seen that the process of 3D projection mesh generation is significantly
simplified compared to the multidomain approach. It should be noted that for realistic
calculations finer meshes and additional volume refinement are required.

146

Chapter 5. Validation of the Method

Fig. 5-20. Generated mesh for l_reac=5cm on the surface of the separating models.

Fig. 5-21. Generated mesh for lfeac=5cm on the surface (zoomed).
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a)

._
b)

c)
Fig. 5-22. Cross-sections of the generated polyhedral mesh for /_rear=5cm: a) y,z-plane, b)
x,z-plane and c) x,y-plane.

148

Chapter 5. Validation of the Method

5.6 Test Case 5: Sub-frame
This test case is presented by four sub-frame vehicle components shown in Fig. 523 a). They consist of 138820, 24151, 6248 and 7400 triangles respectively. The parts
are required to be merged together as shown in Fig. 5-24 and 'cleaned'. There are 7675
triangles edges need to be repaired (shown in red). In Fig. 5-23 b) a gap between the
surface elements can be seen. Manual repair would require significant efforts. The aim
of this section is to illustrate the applicability of the shrink-wrapping (Section 4.9.3) in
combination with decimation techniques (Appendix A) for fast geometry repair.

{ }"'"

0.093m

1.323m

0.089m

0.240m

a)

b)

0.127m

Fig. 5-23. a) Sub-frame components and b) one of the components, zoomed. (The
figures in Section 5.6 are reproduced with permission of Volkswagen AG.)
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a)

Fig. 5-24. a) Merging the vehicle components together and b) after merging.

The parts have been merged together and shrink-wrapped with lJeat=O.lmm
(Section 3 .2.1 ). After that, a combination of angle-based, distance-based and deviationbased decimations has been applied. The obtained mesh consisting of 879,245 triangles
is shown in Fig. 5-25. In Fig. 5-26 a) a zoomed part is presented. In Fig. 5-26 b) a
zoomed part is shown with the number of triangles further reduced using decimation
(Appendix A) to 535,874. It can be seen that due to generation of excessive number of
triangles by the shrink-wrapper around sharp features, the number of elements has been
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increased compared with the original model. Nevertheless, overall the technique is a
fast, automatic and the number of obtained degeneracies is relatively small.

Fig. 5-25. Shrink-wrapped and decimated sub-frame components for lJeat=O.lmm: a)
with mesh lines and b) without mesh lines.
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Fig. 5-26. Merged, wrapped and decimated sub-frame components, zoomed: a) fine
mesh with 879,245 triangles and b) 535,874 triangles.

5.7 Test Case 6: Inline 4 Engine
This test case is a complete inline 4 engine configuration consisting of 150,114
triangles obtained from CAD design (Fig. 5-27). It contains a large number of selfintersections, gaps, infinitely thin parts and other degeneracies. Open edges (19,031 in
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total) are shown in red. It is required to generate an external 'clean' triangulated
surfaces preserving the main geometric details for design, meshing or numerical
calculations. It would take days or even weeks for an experienced engineer to remove
the internal elements and to 'clean' this model using manual tools. Test results
presented below demonstrate the applicability of the projection technique to complex
'dirty' geometries.

0.675m

._y
z

z

tL x

0.476m

y

z

-- x

~

y

0.564m

Fig. 5-27. Inline 4 engine geometry. (The figures in Section 5-7 are reproduced with
permission of Ricardo UK Limited.)

Usually, the shrink-wrapper (Section 4.9.3) is run first for fast detection and
capping of large holes in the original model (Section 3.6). After this process, the
obtained surface mesh for the feature resolution size lJeat=3mm (Section 3 .2.1) has been
further decimated (Appendix A) to reduce the number of elements (Fig. 5-28). It should
be noted that this process uses a simplified version of the projection and does not
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guarantee the minimum quality of the generated meshes. As a result, several
degenerated elements needed to be removed and the obtained gaps closed. Tests have
shown that even for large models, the number of degenerated elements is extremely
small and they can be easily repaired using manual tools.
The obtained 'clean' geometry has been used for mesh generation using Cartesian
cut-cell technique implemented in VECTIS code (Ricardo Software, VECTIS). The
volume and surface meshes generated for demonstration purposes only are shown in
Fig. 5-29.

Fig. 5-28. Shrink-wrapped and decimated surface of the engine assembly: a) with mesh
lines and b) without mesh lines.

154

Chapter 5. Validation of the Method

b)

Fig. 5-29. Illustration of the Cartesian cut-cell mesh generated by VECTIS code starting
with the 'clean' shrink-wrapped surface: a) volume mesh and b) surface mesh.
Using the developed projection technique, it is possible to start mesh generation
with the original 'dirty' geometry. Polygonal surface meshes have been generated for
the feature resolution sizes 1/eat=16mm, lteat=8mm and ifeat=4mm. Mesh statistics are
presented in Table 5-3. The obtained grids are presented in Fig. 5-30. Zoomed parts are
shown in Fig. 5-31. It can be seen that with mesh refinement geometrical features are
gradually approximated correctly. Although the projection technique does not
approximate all geometric features, it can generate meshes starting with extremely poor
geometries. Also, it allows a flexible control over the number of generated elements by
varying the feature resolution size. It is particularly important for the applications,
where the number of mesh elements should be minimized.
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Boundary faces

Triangles

Quadrilateral

Others

0.016m

26430

7560

18870

0

0.008m

58181

17096

40953

132

0.004m

173016

30148

141528

1340

h

Table. 5-3. Mesh statistics for the inline 4 engine.

z
~

y

Fig. 5-30. Surface meshes for inline 4 engine: a) lj'eac=l6mm, b) 1/eac=8mm and c)

1/eac=4mm.
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Fig. 5-31. Surface meshes for inline 4 engine, zoomed: a) l1ea1=I6mm, b) l_rea1=8mm and
c) l1ea1=4mm.

The obtained polygonal surface mesh has been triangulated and demonstration
calculations using Ricardo Software finite element program PEARCE (Ricardo
Software, PEARCE) have been performed. The results are presented in Fig. 5-32. The
color information shows magnitude of displacement for modal (eigenvector) analysis.
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Mass Nonnalized
Displacement
7.11
5.36
3.6
1.85
0.095

Fig. 5-32. Demonstration results for modal analysis using triangulated mesh for
&"ea1=8111m.

5.8 Test Case 7: Touareg
The last test case is a complete geometry for Volkswagen AG Touareg vehicle
(Fig. 5-33). The model is placed in a box for aerodynamic calculations (Fig. 5-34). It
contains 1,247,764 triangles. Zoomed parts are shown in Fig. 5-35. Although the
considered geometry is 'clean', it presents a challenge for any mesh generator. The
intention of this section is to demonstrate the applicability of the projection method to
large industrial models.
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Fig. 5-33. Touareg geometry (the figures in Section 5.8 are reproduced with permission
of Volkswagen AG).

/
/

I

Fig. 5-34. The model has been placed into a box.
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z

v--1!-x

Fig. 5-35. Zoomed parts ofTouareg.

In the developed technique it is possible to choose an appropriate feature
resolution size and find a compromise between the accuracy of the representation of the
geometry and computer resources. For the feature resolution &-eat=l5mm (Section 3.2.1)
335,837 polygonal cells with 2,769,747 faces have been generated. The meshes are
shown in Fig. 5-36, Fig. 5-37 and Fig. 5-38. It can be seen that some details of the
original model have been lost due to a relatively coarse mesh. However, if the resolution
of the geometry is found acceptable, the mesh can be used for numerical calculations.

Fig. 5-36. Generated surface for Touareg elements without mesh lines for lJeat=l5mm.
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Fig. 5-37. Generated surface mesh for 1/ea1=l5mm, zoomed.

Fig. 5-38. Generated surface mesh for 1/ea1=l5mm, zoomed.
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Cross-sections of the underbonnet with generated meshes for lJeac=5mm are
presented in Fig. 5-39 and Fig. 5-40. It can bee seen that many components have been
correctly reproduced, but for some of them further reduction of the feature resolution is
required. It also can be seen that the fully automatic mesh size control refmes all cells to
the maximum level around all detected sharp features. As a result, with decrease of the
feature resolution size, the number of generated cells can be dramatically increased.

Fig. 5-39. A cross-section of the underbonnet for l_reac=5mm.

162

Chapter 5. Validation of the Method

-

~

-

cu

I

I

I

-

-.l<Y~

~r

"'

,1~11'~ "'"' "'

1-t

-Ls:>'4~

~

-,-.

,~

IV
-i&'~

I

~

-I

.........., _ Ii''!

:t_

~~

~-

U-l

1~

1.,.,..

..... :i:

f/1!

r1 ~

- ~

~

,~~~

:;\

+-

't

-1-

>--,-..
~

....

:,.,

~y

rt

-,-..
I-'-

I

-=

-

,-..

-

-+ 1'

'"'4-U

:ti~

~

I
I

~-

t
.Jl-f

--:c

=

1-r-~

....

~

,__ +tl'r=

I
tt

I
I

H
f::1.

I

"T

~

-

I

-:FM~

ttt

tt1

-

-11--J.

,_,-..

~

I_

t

:--

-

~,,,,_

-t"

~ ~Ch--l:t: !1jt-T

"'~

1-1

,-._

~

f-H

I
I

~~

I

1/'A '
+

~

~

--

--:-r"

I

~

f.

-

=

-Ir

~

--

CT

~

1--0:.11/
e--f

.....
,-.

-

I

"I

~

Fig. 5-40. A cross-section of the underbonnct for lJeat=Smm (zoomed).

5.9 Conclusions to Chapter 5
In this chapter several test cases have been considered to demonstrate a wide
applicability of the developed projection technique. It has been shown that the
simplified version of the projection technique (shrink-wrapping) does not resolve
geometrical features 'exactly'. It can generate an excessive number of elements and
possibly degeneracies in the surface structure. However, the shrink-wrapping can be
successfully employed for fast automatic repair of complex geometries and hole
detection/capping prior to mesh generation. The obtained number of degeneracies is
extremely small and they can be easily repaired using manual pre-processing graphical
tools. The number of generated triangles can be significantly reduced by application of
the decimation techniques described in Appendix A.
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It has been shown that the developed technique can be successfully used to

generate meshes as for simple 'clean' so is for complex 'dirty' geometries. Its main
advantage is that it can be applied to the geometries with extremely poor input data.
Models that can require weeks of manual repairing can be processed automatically.
Another advantage is a flexible control of the number of generated cells. Since valid
meshes are generated for any feature resolution size, it is possible to balance the quality
of the approximation and the computer resources efficiently. Finally, it has been shown
that the whole process can be controlled by a small number of parameters leading to a
fully automatic 3D mesh generation.
It has been shown that the quality of the approximation of the generated volume

and surface meshes depends on several user-defined parameters. A very basic technique
for detection of critical features can be used despite the fact that for large geometries it
can generate an excessive number of edges and points. The resolution of sharp features
has been found to be stable provided that the feature resolution has been chosen small
enough to separate them. Otherwise, some parts of geometries can be become
'invisible', close details can be 'glued' together and indentations on sharp edges can
appear. The difficulties also arise for mesh generation between in narrow regions:
interior of the domains with acute angles can be approximated incorrectly. Another
disadvantage of the technique is over-refinement around sharp edges that can lead to an
excessive number of elements for fine meshes.
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Chapter 6. Conclusions
Growing complexity of the present-day engineering applications changes the
starting point for the mesh generation process. Due to various reasons, the input
industrial geometries often have a number of problems, such as disconnected edges,
self-intersections, overlappnings and other degeneracies. Manual or semi-automatic
repair processes applied at the pre-processing stage in CFD codes can be extremely
time-consuming. This often leads to inability to generate computational meshes for
many models. Development of automatic mesh generation methods, which are able to
start with complex ' dirty' geometries is an important problem in engineering
applications of CFD codes.
This research programme has been focused on the development of projection
mesh generation technique for a single domain and fixed geometries. Solution
adaptivity has not been considered. The input geometries are defined by triangulated
data. The requirements on the generated mesh have been the following: it must be bodyfitted allowing the generation of an anisotropic boundary layer. Cells can have arbitrary
polyhedral shapes with hanging nodes. The mesh must be valid for a general-type
unstructured solver for any selected input parameters.
It has been shown that grid-based projection methods developed recently have a

number of advantages compared to the traditional unstructured methods. The process of
mesh generation is subdivided into two main stages: generation of a base mesh and
application of a projection technique. This allows us to start with ' dirty' geometries,
control the number of generated cells and obtain body-fitted meshes with boundary
layers.
It has been pointed out that projection methods face a number of difficulties.

Important geometrical features must be recognised and preserved by the meshing
algorithms. In some projection techniques the base mesh size is required to be
sufficiently small to capture all geometrical features. In other methods not all features
can be captured and the approximation error tends to zero with decreasing of mesh size.
The techniques of feature resolution in projection methods are not well described in the
literature.
Another important problem is automatic generation of a base (background) mesh.
Uniform grids and maximum refinement of tree structures near the boundaries are not
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suitable for engineering applications due to an excessive number of generated cells.
Refinement for projection methods is related to the painting (which is used for
definition of internal/external notions) and is more complicated compared to 'clean'
models. Close surfaces must be separated by at least one layer of cells. Large holes can
lead to a failure of the algorithms.
For the purposes of this research programme an octree structure has been chosen
as a background mesh. It is well known, efficient and simple. Its implementation has
been described in detail. Input triangles are localised for efficient application of
geometrical operations. A combination of UG (Uniform Grid) and octree localisation
has been suggested. The tests have shown that for large models CPU time and memory
requirements for geometry localisation are satisfactory. Automatic refinement criteria
have been considered and further developed. Octree cells are subdivided to the
maximum level near sharp features, boundary interfaces and regions of high curvature.
It is acknowledged that in many cases it is not required to subdivide the cells to the
maximum level. However, this simplifies the projection technique.
The problem of large holes has been considered. Despite rather general conditions
on the input models (a set of triangles), the interior/exterior of the computational
domain can be incorrectly defined in the case of relatively large holes in the geometry.
This can lead to a failure of the projection method. Several automatic and semiautomatic techniques for hole detection and capping have been suggested. They can not
always guarantee correct results, but in practice these techniques significantly simplify
and speed up the process of geometry preparation.
To obtain a valid mesh, the front (an external surface mesh of the generated
octree) must satisfy manifold property. It has been shown that this can be achieved by
iterative repainting of the octree cells to remove undesired cell patterns. To guarantee
that the generated mesh is suitable for the calculations the following simple principle is
considered. Starting with the octree front it is possible to create a high quality prismatic
boundary layer, which does not necessarily produce correct approximation of the
geometric boundaries. After that, mesh nodes are moved one-by-one to improve the
approximation. The quality of the generated mesh is verified at every step. The
operation is not performed, if it leads to a violation of at least one of the validity criteria
(trial-and-error technique). The validity criteria play a key role. They have been
carefully selected based on general unstructured solver requirements and in order to
achieve correct geometry approximation by the developed projection technique. The
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threshold parameters should be close to the extreme values to achieve maximum
flexibility of the algorithm.
Before the projection, important geometrical features are detected. They are
classified into two groups: important edges (sharp edges, free edges, boundary
interfaces) and important nodes (sharp nodes and boundary nodes). The advantage of
the method suggested in the thesis is the acceptance of any number of the above
features. If the number of the base cells is not enough for resolution of all features some
of them will be ignored without a failure of the algorithm.
The projection stage of the suggested method consists of three main parts. Firstly,
the boundary nodes are moved to the geometry. Secondly, the nodes in the vicinity of
the important edges are pulled to resolve them. Finally, the nodes in the vicinity of the
important nodes are pulled to capture them. Tests have shown that this order is
important. Node displacement is based on the finding of the minimum distance from a
point to triangles, edges and nodes combined with smoothing along surfaces and edges.
It can be seen, however, that this technique does not lead to fully hexahedral
meshes, since at some stages boundary cells can require topological changes. It has been
found that a combination of merging of neighbouring cells and splitting of prismatic cell
faces achieves the flexibility required for correct representation of important features.
The prismatic structure can be preserved at all stages and can be further used for
directional refinement to generate boundary layer mesh.
The projection technique consists of a number of trial-and-error steps. This makes
the entire process relatively slow compared with other projection techniques. For this
reason very simple underlying algorithms (smoothing, optimisation, finding a minimum
distance) has been chosen.
One of the disadvantages of the developed techniques is its restricted ability to
generate meshes in narrow regions. Also, in some cases incorrect approximation
(indentations) of the geometry is possible. It has been shown that in this case
imperfections of geometry approximation can be reduced by minimising the
approximation error and smoothing can be applied to reduce artificial mesh
disturbances.
Several realistic engineering examples have been considered to validate the
approach. It has been shown that it can be efficiently used for solution of various
problems of design and numerical calculations. Volume and spatial meshes can be
generated for complicated and 'dirty' geometries in a fully automatic manner. By
167

Chapter 6. Conclusions and Future Work

selecting an appropriate mesh size it is possible to find a balance between accuracy of
the approximation and computer efficiency. At the same time, for simple applications
exact approximation is achieved. Generated meshes have been used for demonstration
calculations.
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Appendix A. Geometry Modification Tools
A.1 Background

In this appendix the following simple automatic tools for modifications of
triangulated geometries are described: surface thickening, surface offset and decimation
(mesh simplification). Thin surfaces can be a problem for mesh generation. They are
often required to be thickened at a user-defined value. Another widely used automatic
tool is surface growing/shrinking, when nodes are shifted outwards/inwards to a certain
distance. It can be applied, for example, to verify distances between components for
complex models. A number of generated surface elements can be often drastically
reduced without significant loss of accuracy of approximation. This is particularly
important for high resolution of complex geometries. Reduction of elements can
significantly reduce memory requirements and speed up geometry processing. This task
is known as surface, (or mesh, or polygonal) simplification.
These tools can be used in conjunction with the projection method. They have
been implemented into the commercial package VECTIS (Ricardo Software, VECTIS).

A.2 Surface Thickening

Thin or infinitely thin (with the thickness of one element) surfaces can cause
problems for mesh generation. Thin geometrical features usually require high mesh
refinement. Parts with zero thickness are not allowed in 'clean' geometries, since they
do not satisfy the neighbouring connectivity condition (Section 1.1). These problems
can be avoided by applying simple modifications to the geometries prior to the
projection mesh generation.
If a model is required to be thickened at distance d 1hick , for each triangle
representing a thin surface two new offset triangles are created in the normal direction
lying at the distances + d 1hick 12 and -d1hick 12 . A test is carried out to define if the
edges of the 'thin' triangles are open. In this case additional side triangles are generated
for each open edge to close a gap between the offset elements. This is performed to
avoid leaking between the offset triangles. The original 'thin' triangles are removed and
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projection meshing (or shrink-wrapping) is applied to the new 'thickened' geometry
with the feature resolution size (Section 3.2) between d 1hick /2 and d 1hick. Note that holes
in the original geometry larger than d 1hick /2 must be capped (Section 3 .10). Fig. A-1
illustrates this process.

.At------.f:
a)

b)

c)

d)

Fig. A-1. Illustration of surface thickening: a) initial geometry, b) with offset and
side triangles, c) removal of the initial geometry and d) mesh after projection.

A.3 Surface Offset

Geometrical boundaries are often required to be shifted in the normal direction at
a small distance. The ' clean' structure of the wrapped surfaces with smooth triangle
transition allows a simple tool for surface offset in the outer direction for surface

growing and in the inner direction for surface shrinking to be implemented. Nodes are
shifted in the direction defined by normal

n , which is defined at each surface node as a

weighted average of the neighbouring triangles' normals with weighting coefficients a;
proportional to the triangle angles adjacent to the node.
Distance d at each node is defined based on angle deviation between the average
normal

n

and neighbouring triangles:
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d
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This allows a node to be shifted at distance

d offser

in the normal direction in case of

flat surface (Fig. A-2 a) and in the case of non-zero angle between triangles (Fig. A-2
b). In the case of an acute angle between triangles, the distance is restricted to

2d0ffser

(Fig. A-2 c).
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Fig. A-2. Illustration of the surface offset: a) point P., is moved at
P2

is moved at

d offser I

Sina and c) for an acute angle point

P3

d 0 ffse t ,

is moved at 2

b) point

d offser.

Small disturbances in the surface mesh can propagate to the offset surface. To
reduce them, the offset surface can be slightly smoothed. The number of smoothing
iterations linearly depends on the ratio of

d offset I

(minimum octree cell size). Tests have

shown that a positive or negative offset gives satisfactory results for

d 0ffset

not greater

than the minimum octree cell size. To obtain larger offsets, the process needs to be
repeated several times.
It should be noted that in some cases the offset surface can be used for quick hole
capping (Section 3.6.2). If a leak occurs for feature resolution.fr, , geometry can be
wrapped with coarser non-leaking value .fr2 > fri and a small negative offset. After that
it is merged with the initial geometry and wrapping is repeated again for fr, (Fig. A-3).
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fr 2 wrapping
and offset --geometry /

~~[~II
fr 1 wrapping /

Fig. A-3. Illustration of offset for hole capping: a leak for feature resolutionfii,
wrapping and offset for

.fr2 > fii

and starting with the merged geometry wrapping

forfii.

A.4 Mesh Simplification

Octree refinement achieves higher mesh density in the regions with small details
and sharp features. The projected surface represents a manifold. Due to this property, a
large variety of mesh simplification methods can be applied to it. Surface simplification
method described in this thesis is based on one of the simplest, faste st and most robust
techniques of iterative edge collapse. In this method two mesh points are merged into a
new vertex based on order of importance and legal criteria. When a point is merged to
another, the method can be regarded as vertex collapse technique. For practical
applications the following simple criteria for edge collapse have been considered.
The first criterion is based on the analysis of face normals before and after node
merging. Vertex A can be merged to vertex B, if its adjacent face normals (except two
triangles being collapsed) do not change at the angle greater than a specified threshold
(Fig. A-4). This iterative procedure is repeated several times. Face angles should be
tested against the ones before all collapses to avoid growing errors. This angle-based

decimation works satisfactory for threshold values 1 °-2 °. Note that inverted triangles
are not generated, otherwise the angles between the old and new normals would be
close to 180 °.
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Fig. A-4. Illustration of triangle decimation: a) before node merging and b) after
merging, triangles 1 and 2 are removed, the angles between the normals of triangles
3,4,5 and 6 are verified.

To eliminate small triangles, the threshold angle is relaxed up to 30°, but the edge
can be collapsed if its length does not exceed a threshold value. This distance-based
decimation is also repeated iteratively. After each sweep the threshold distance is
increased. A combination of angle- and distance-based decimations works fast and
gives significant reduction of elements, but it can give inaccurate approximation of the
original model and can create self-intersections for thin geometries (Fig. A-5).

A

Fig. A-5. Illustration of self-intersection after node A is being merged to node B.

To control the quality of the approximation, the collapsing procedures are often
allowed only inside a tolerance volume around the original geometry. This also helps to
avoid self-intersections for thin parts or close surfaces. To ensure the the decimation
occurs inside a pseudo-volume, the distances from faces to the original geometry are
calculated. In this thesis for deviation-based decimation the threshold angle is relaxed to
30°. Vertex A can be merged to vertex B, if the distances from the new triangle centres
to the original geometry do not exceed a given deviation threshold (Fig. A-6). This
simple choice of triangle-to-geometry distance assessment saves computer resources
and produces better approximation with fewer triangles compared to the angle-based
and distance-based decimations considered above. Some examples of application of the
described geometry modifications tools can be found in Chapter 5.
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Fig. A-6. Illustration of deviation decimation. Node A is merged to node B, if the
new faces are located within a pseudo-volume.
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