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Abstract
Particle populations that have velocity distributions with only a
small spread of gyrophase angles are commonly observed in the vicinity of magnetohydrodynamic (MHD) discontinuity surfaces such as
collisionless shocks. Previous theoretical particle trajectory studies
have concentrated on ion behavior at an ideal planar Earth’s bow
shock and have either assumed that a gyrotropic incident initial velocity distribution is reflected at the surface or instead focused on
unique fixed initial gyrophase and pitch angle values specified by the
generation mechanism assumed for the particle. In this analytical
study of trajectories of particles departing an ideal planar MHD surface we demonstrate that a particle’s initial gyrophase and pitch angle
determine completely whether it will escape the surface or return to
it, regardless of its initial energy. We identify the region in initial
gyrophase-pitch angle space which leads to trajectories that return to
the surface of the discontinuity. The speed normal to the surface of a
returning particle, which can affect its ability to traverse the discontinuity, is shown to increase or decrease compared to its initial value
∗
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according only to the orientation of its guiding-center motion in the
frame of reference in which the discontinuity is at rest and the incoming plasma flow is aligned with the constant magnetic field. The
dependence of our results on the direction of the upstream magnetic
field is illustrated. Our general analytical results are discussed in the
context of observations at the Earth’s bow shock.

1

Introduction

The theory of Magnetohydrodynamics (MHD) predicts the existence of several types of discontinuities in plasma flows. These are classified as shocks,
rotational, tangential or contact discontinuites according to whether or not
the fluid crosses the boundary and to whether or not the magnetic field has
a component normal to the surface of the discontinuity (e.g. [4, 37]). The
large-scale properties of boundaries observed in space plasmas, such as the
Earth’s magnetopause or bow shock, are consistent with those of one or other
of the above MHD discontinuities (e.g., [37]) and a wide variety of plasma
phenomena observed in space are therefore described and modelled within
the theoretical framework of MHD. Such is the case, to name but a few,
of tangential and rotational discontinuity-driven foreshock bubbles [26], the
propagation of waves along contact discontinuities in the solar atmosphere
[38], the interaction of a magnetosheath jet with a magnetopause modelled
as a tangential discontinuity [43], or the effect of interplanetary tangential
discontinuities on the magnetosheath and the magnetopause [19].
Boundaries separating different plasma states are often the site of diverse particle populations that play important roles in the local transport
of energy and which are therefore the subject of intense research. In this
paper we study how the pitch angle and the gyrophase angle of a particle
departing the surface of an ideal planar MHD discontinuity affect whether
it will return to the surface or escape. The motivation for this study came
from the high-resolution measurements taken by the CLUSTER spacecraft
showing that two distinct ion populations observed at Earth’s bow shock,
namely, the so-called “reflected-gyrating” ions and the “field-aligned beams”
appear to emerge from a single gyrophase-bunched population of solar wind
ions reflected at the shock ramp [34, 25]. The properties of these two populations are reviewed in [5] and are summarized here. The reflected-gyrating
ions are known to play a key part in the collisionless heating of the solar
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wind by Earth’s shock under typical high Mach number conditions (e.g.,
[40, 41, 2]). These ions depart the shock surface with a restricted range
of gyrophase angles, i.e., are “gyrophase-bunched” ([21]). Then, depending on the orientation of the interplanetary magnetic field, they may return
to the shock surface with a sufficiently high normal speed to overcome the
electrostatic potential jump at the shock ramp and pass downstream into
the magnetosheath (e.g. see review articles by [18, 2]). Observations at
the bow shock confirm that the velocity distributions immediately downstream, which consist of those solar wind ions directly transmitted through
the shock and the reflected-gyrating ions, have a combined effective temperature consistent with the Rankine-Hugoniot conservation relations [40]. At
this stage the plasma is non-gyrotropic but it becomes thermalized further
downstream [40, 7, 41]. Studies of the thermalization process have focussed
on ion cyclotron and mirror instabilities and assumed bi-Maxwellian velocity
distributions with anisotropic temperatures (e.g., [13]). However, the nongyrotropic and spatially inhomogeneous properties of the distributions are
likely to affect the microphysics of the thermalization (e.g., [3, 8]).
Field-aligned beams receive their name from the observation that they
propagate upstream away from the shock at small angles to the interplanetary magnetic field (see the review articles by e.g., [42, 5]). These ion
beams are the most important source of free energy in the foreshock region
[29]. They can experience disruption by a beam-plasma instability (e.g.,
[22, 11, 12]) leading to gyrophase-bunched distributions observed in association with high-amplitude quasi-monochromatic MHD-like waves over a wide
range of distances from the Earth’s bow shock [30, 28, 33, 31]. A process
of pitch angle scattering by low frequency waves has been suggested as a
possible explanation for how the beam ions are initially selected out of the
reflected-gyrating non-gyrotropic distribution at the shock ramp [34, 25].
Other intriguing and as yet unexplained features of the beams are their
significant lack of He++ compared to the incident solar wind [23, 10], the
occasional appearence of high-energy tails of high pitch angle in their velocity distributions [32] and striking differences between how the parallel and
perpendicular thermal speeds depend on the geometry of the shock [29].
The above observations have been discussed in some detail because they
are examples of how gyrophase and pitch angle structure are important features of particle populations in the vicinity of MHD discontinuities. Test
particle simulations confirm this point (e.g., [6]). A full understanding of the
micro-physics of the processes taking place at boundaries in space plasmas
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often requires plasma kinetic theory (e.g., [1]). Nevertheless, key insights into
fundamental phenomena at MHD discontinuity surfaces have been gained by
analyzing the behaviour of individual particle trajectories in a steady-state
approximation of the electromagnetic fields surrounding the discontinuity
(e.g., [6, 14, 36, 15]). This well-established approach is the one we will adopt
in the current study, in an attempt to understand better the part played by
initial gyrophase and pitch angle in the final destination of a particle leaving
the surface of the discontinuity. Previous theoretical analysis of gyrophase
bunching has focused on the evolution of velocity distributions assumed to
be initially gyrotropic [20]. By contrast, our aim here is to identify which
pitch angle and gyrophase angle values at the moment that a particle departs
the surface of an ideal MHD discontinuity lead to the particle’s trajectory reencountering the surface as opposed to escaping upstream. We also examine
the effect of pitch angle and gyrophase angle on a particle’s normal speed at
re-encounter. This is an important parameter in the context of collisionless
shocks as it affects the ability of an ion to overcome the electrostatic potential
jump at the shock ramp.

2

Theoretical Foundations

The analysis of particle trajectories at an infinite plane surface in a collisionless, homogeneous and steady plasma flow is particularly straightforward
when performed in the Hoffman-Teller (HT) frame of reference [9, 39, 4].
This frame moves along the surface with the precise velocity that makes the
incident bulk flow align with the upstream magnetic field B, which is assumed to be constant. As there is no motional electric field in the HT frame
a particle’s trajectory is reduced to the combination of a guiding-centre motion along the magnetic field direction and a gyrational motion around it.
This simplified trajectory can be convenientely described in the coordinate
system introduced by [39] and depicted in Figure 1. It consists of three orˆ with b̂ a unit vector pointing upstream along
thogonal unit vectors b̂, ζ̂, ξ,
the direction of the magnetic field B and ζ̂, ξˆ defined by ξˆ = (b̂ × n̂) /
| b̂ × n̂ | and ζ̂ = ξˆ × b̂. Here the unit vector n̂ points upstream along the
direction normal to the planar surface. In this system (refer to Figure 1),
the velocity after time t of a particle leaving the upstream side of the surface
at t = 0 with constant guiding centre velocity vb = vb b̂ and (non-negative)
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Figure 1: Orthogonal coordinate axes used for the description of particle
trajectories (adapted from [39], fig. 2). The unit vectors b̂ and n̂ point
upstream along the magnetic field and surface normal directions, respectively.
The particle’s velocity is v, its pitch angle is α and gyrophase is φ. Particle
gyromotion takes place in the ζ̂ − ξˆ plane.
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constant gyrational speed vg , is given by (cf. equation (6) in [39]):
v(t) = vb b̂ + vg [ζ̂ cos φ(t) ± ξˆsin φ(t)]

(1)

where φ(t) = Ωt+φ0 is the particle’s time-dependent gyrophase expressed as a
function of its gyrofrequency Ω and initial gyrophase φ0 . The gyrophase angle
is arbitrarily measured from the ζ̂ axis and is positive in an anticlockwise
sense (see Figure 1) for a negatively charged particle when B = | B |b̂ or
for a positive ion when B = −| B |b̂ (both of these correspond to the plus
sign in front of the ξˆ term in equation (1)). Conversely, φ(t) increases in a
clockwise sense for a positive ion when B = | B |b̂ or a negatively charged
particle when B = −| B |b̂ (minus sign in front of ξˆ in equation (1)) . We
note that vb > 0 corresponds to a guiding-centre motion directed upstream
(i.e. vb has a component along +b̂).The particle’s pitch angle, which lies in
the range [0◦ , 180◦ ] is given by (Figure 1):
vb
α = cos−1 q
vb2 + vg2
Integrating equation (1) with respect to time leads to the particle’s displacement (cf. equation (7) in [39]):
vg
ˆ
r(t) = vb tb̂ + [ζ̂(sin(φ(t)) − sin φ0 ) ± ξ(cos
φ0 − cos(φ(t)))]
(2)
Ω
In this article we aim to determine analytically the sets of initial gyrophase and pitch angles which lead to trajectories that return to the surface
of the discontinuity and those which lead to particles escaping the surface
without re-encountering it. We also wish to establish how the magnitude
of a particle’s speed normal to the surface for a returning particle might be
related to its initial velocity at the moment of departing. To help address
these questions we obtain the particle’s speed and displacement as a function
of time in the direction normal to the surface from the dot product of (1)
and (2), respectively, with n̂ (cf. equations (18) and (19) in [39]):
vn (t) = vb cos θbn + vg sin θbn cos(Ωt + φ0 )
(3)
vg
(4)
rn (t) = vb t cos θbn + sin θbn [sin(Ωt + φ0 ) − sin φ0 ]
Ω
where θbn is the acute angle between b̂ and n̂ (see Figure 1). In what follows
our focus will be on trajectories leaving the MHD discontinuity surface on its
upstream side but the analysis can be applied to trajectories downstream.
6
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Initial Gyrophase and Pitch Angle of Returning and Escaping Particles

In this section we show that a particle’s pitch angle in the HT reference
frame and its initial gyrophase uniquely determine whether it will return to
the surface of an ideal MHD discontinuity or escape upstream.
A particle leaving the surface on the upstream side must have an initial
speed in the direction of +n̂, i.e. (cf. equation (3)):
vn (0) = vb cos θbn + vg sin θbn cos φ0 > 0

(5)

Dividing by the positive quantity vg sin θbn and rearranging, it follows
that:
vb cos θbn
(6)
cos φ0 > −
vg sin θbn
This condition on a particle’s initial gyrophase φ0 is particularly restrictive
on particles with vb < 0 (guiding centre velocities pointing downstream). In
terms of the particle’s pitch angle α in the HT frame, (see Figure 1) condition
(6) is equivalent to:
cos φ0 > − cot α cot θbn

(7)

The distance from the surface as a function of time of particles satisfying
(7) (i.e. departing the surface towards upstream) can be calculated using (4).
Figure 2 displays the combinations of (α, φ0 ) which lead to a particle either
returning to the surface (labelled A on the diagram) or escaping upstream
(labelled B and C). Results are included for three values of θbn . Pitch angles
α lower than 90◦ (below the horizontal dashed line in the panels) correspond
to upstream-directed guiding centre motion (vb > 0). The figure reveals that
particles returning to the surface (region A) originate from a very restricted
part of gyrophase-pitch angle space. Those with downstream-directed vb
(90◦ < α < 180◦ , i.e. above the horizontal dashed line) only have gyrophase
angles in the first and fourth quadrants, where cos φ0 > 0, as expected from
(7).
The complete absence of returning particles (region A) with 180◦ <
φ0 < 270◦ in Figure 2 can be explained as follows. At the time t = t∗
of re-encounter with the surface, the normal velocity of a particle must be
downstream-pointing (vn (t∗ ) < 0), i.e. (cf. (3)):
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Figure 2: Possible initial gyrophase and pitch angles in the HT frame of
particles re-encountering the surface (regions labelled A in the panels), escaping upstream after re-approaching but not re-encountering the surface
(regions labelled B), and escaping without ever turning back towards the
surface (labelled C). Region D corresponds to particles with initial velocities pointing downstream. The horizontal dashed line at α = 90◦ marks the
boundary between particles whose guiding-centre motion is directed downstream (α > 90◦ ) and those with guiding-centre motions pointing upstream.
The top, middle, and bottom panels 8correspond to θbn = 70◦ , 50◦ and 30◦ ,
respectively.

cos(Ωt∗ + φ0 ) < − cot α cot θbn

(8)

In addition, as the particle’s normal displacement at t = t∗ is zero, (4)
implies that,
sin φ0 − sin(Ωt∗ + φ0 )
vb cos θbn
≡ cot α cot θbn =
vg sin θbn
Ωt∗

(9)

Expressions (8) and (9) together with (7) (the requirement that vn (0) >
0), imply that:
sin(Ωt∗ + φ0 ) − sin φ0
> cos(Ωt∗ + φ0 )
(10)
Ωt∗
and when φ0 is in quadrant 3 (cos φ0 < 0, sin φ0 < 0) there are simply no
values of t∗ for which cos φ0 > cos(Ωt∗ + φ0 ) and sin φ0 > sin(Ωt∗ + φ0 )
simultaneously, i.e. particles with φ0 in the range [180◦ , 270◦ ] cannot return
to the surface after leaving on its upstream side.
We next consider the trajectories of particles that do not return to the
surface of the discontinuity. These can be grouped according to whether the
particle turns back towards the surface for a time (labelled B in Figure 2)
or, instead, continually keeps getting further away (C). Figure 2 reveals that
these two populations occupy distinct areas of gyrophase-pitch angle space.
A trajectory can only turn back towards the surface if the particle’s normal
speed becomes zero some time after departing. This requires that (cf. (3)):
cos φ0 >

−1 ≤

vb cos θbn
≡ cot α cot θbn ≤ 1
vg sin θbn

(11)

Conversely, a sufficient condition for a particle to escape upstream without ever approaching the surface again is that | cot α| > tan θbn . For particles
with vb > 0 this corresponds to pitch angles in the range:
0◦ < α < 90◦ − θbn

(12)

This result was derived geometrically for particles with upstream-directed
guiding centre speeds by [42]. It explains why ion beams observed in the
Earth’s foreshock are increasingly field-aligned as θbn becomes more perpendicular [42]. The horizontal gyrotropic band of small pitch angles labelled C
on Figure 2 is occupied by trajectories satisfying (12) which never turn back
towards the surface of the discontinuity.
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Escaping particles that approach the surface for a while (satisfying (11)
and labelled B on Figure 2) arise from specific portions of α − φ0 space,
narrower in pitch angle but wider in gyrophase angles than for the returning
particles (A). The boundary between populations B and A corresponds to
combinations of α and φ0 that result in trajectories tangential to the surface
(i.e. for which vn (t∗ ) = 0). The region labelled D in Figure 2 corresponds
to particles with initial velocities directed downstream (i.e. with vn (0) < 0).
The boundary between region D and regions B and A is the curve cos φ0 =
− cot α cot θbn (or α = cot−1 (− cos φ0 tan θbn )), where vn (0) = 0 (cf. equation
(5)). Note that as θbn decreases, the height of this curve decreases while band
C becomes wider (cf. equation (12)) and both effects conspire to squeeze the
range of pitch angles available to populations A and B (see figure 2).
The reflected-gyrating ions observed immediately upstream of Earth’s
bow shock are an example of a gyrophase-bunched population, as mentioned
in our Introductory section above. Their underlying properties have been
explained by assuming that these are a subset of the incident solar wind ions
which have been reflected quasi-specularly at the shock (see, for example,
the review by [18]). In “cold-particle” trajectory studies (where all incident
particles have the same velocity as the bulk of the solar wind) ions that are
specularly reflected from an ideal planar shock are predicted to have α = 2θbn
and φ0 = 0 ([39]). These values would place such ions firmly in region A of
Figure 2 for θbn = 70◦ and 50◦ and in the C-B regions boundary for θbn = 30◦ .
This is consistent with the finding that cold specularly reflected ions return
to the planar shock for θbn ≥ 39.9◦ ([39]).

4

Speed Normal to the Surface of Returning
Particles

Solar wind ions with insufficient normal speed to overcome the electrostatic
potential jump at Earth’s bow shock experience reflection (e.g., [2] and references therein). If these ions are able to return to the shock with increased
normal speed after gyration in the upstream magnetic field, they may then be
able to overcome the potential jump and pass downstream, contributing to
the collisionless thermalization of the incident plasma. This specific example
illustrates the relevance to the dynamics of MHD discontinuities of the speed
normal to the surface of a returning particle. We shall now demonstrate that
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the direction of a particle’s guiding centre velocity in the HT frame (indicated by the sign of vb ) determines whether or not a returning particle will
have a speed normal to the surface greater than its initial normal speed.
The time t = t∗ at which a particle re-encounters the surface can be
calculated from equation (9), which we re-write below in a slightly simplified
format:
sin φ0 − sin(Ωt∗ + φ0 )
vb
cot θbn =
vg
Ωt∗

(13)

Thus, the re-encounter time depends on the ratio vb /vg (which is related
to α, the particle’s pitch angle) and the angles φ0 and θbn . Alternatively,
for any specific θbn one may regard the ratio vb /vg that a particle must have
in order to re-encounter the surface as being a function of φ0 and of the
time t∗ . Note that equation (13) indicates that vb changes sign at Ωt∗1 =
(2n + 1)π − 2φ0 and at Ωt∗2 = 2π, with n the integer that makes 0 < Ωt∗1 < 2π
(n = 0, 1, 1, 2 in quadrants 1, 2, 3 and 4, respectively). We also note that
vb cot θbn /vg → − cos φ0 as Ωt∗ → 0, through application of L’Hôpital’s Rule
in equation (13). These features are illustrated in Figure 3, where the thin
solid curve plots vb cot θbn /vg as a function of Ωt∗ for typical initial gyrophase
angles of each quadrant (φ0 = 45◦ , 120◦ , 210◦ , 315◦ ). In each case, the graph
starts at (0, − cos φ0 ) and crosses the Ωt∗ axis at Ωt∗1 and at Ωt∗2 (= 2π), as
expected.
Next we compare the size of a particle’s initial speed normal to the surface
of the discontinuity vn (0) and its normal speed at re-encounter vn (t∗ ). A
particle leaving the surface towards upstream must have a positive normal
speed vn (0) > 0 in our framework (see Figure 1) and if the particle reencounters the surface, its normal speed at that moment must be negative,
i.e., vn (t∗ ) < 0. Therefore, the sum of vn (0) and vn (t∗ ) will be positive when
vn (0) > |vn (t∗ )| and negative when vn (0) < |vn (t∗ )|. We will now show that
the first case, i.e., the normal speed at re-encounter is smaller than the initial
normal speed, occurs when vb > 0 and that a particle’s re-encounter speed is
always larger than its initial normal speed whenever vb < 0. To demonstrate
this, let’s define the function F (Ωt∗ , φ0 ) as the sum of vn (0) given by (5) and
vn (t∗ ) given by (3), normalised by the positive quantity vg sin θbn (see also
(9)):
F (Ωt∗ , φ0 ) ≡ 2[

sin φ0 − sin(Ωt∗ + φ0 )
] + cos φ0 + cos(Ωt∗ + φ0 )
Ωt∗
11

(14)

θbn
Figure 3: The ratio vvbg cos
(thin curve) and the function F (Ωt∗ , φ0 ) (see text,
sin θbn
thick curve) are plotted together against Ωt∗ to illustrate that the two always
have the same sign. This indicates that when vb > 0, the particle’s departing
normal speed is larger than its normal speed when re-encountering the surface
and that the opposite is true when vb < 0. For reference, the initial normal
speed of the particle is pointed upstream only when the thin solid curve lies
above the dashed horizontal line at − cos φ0 and the particle re-encounters
the surface from upstream only when the dotted curve is negative (see text
for an explanation).
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where (9) has been used to write vb cot θbn /vg in terms of φ0 and Ωt∗ . Note
that within the interval 0 ≤ Ωt∗ < 2π we have that F (Ωt∗ , φ0 ) = 0 at Ωt∗ = 0
and at Ωt∗ = Ωt∗1 . Figure 3 shows that the sign of F (Ωt∗ , φ0 ), plotted as a
thick solid curve, is always the same as that of vb (thin trace), regardless of
the value of φ0 . As discussed above, this implies that vn (0) > |vn (t∗ )| when
vb > 0 and vice versa.
In order to explain this result analytically we first note that both solid
curves in Figure 3, vb cot θbn /vg (thin) and F (Ωt∗ , φ0 ) (thick) go through
zero at Ωt∗ = Ωt∗1 . It turns out that both F (Ωt∗ , φ0 ) and its first derivative
with respect to Ωt∗ tend to zero as Ωt∗ → 0, i.e., the function F (Ωt∗ , φ0 )
has a stationary point at Ωt∗ = 0. Repeated application of L’Hôpital’s
Rule confirms that the second derivative of F (Ωt∗ , φ0 ) with respect to Ωt∗
at Ωt∗ = 0 is equal to (− cos φ0 )/3. Thus when cos φ0 > 0 (figures 3a, d ),
F (Ωt∗ , φ0 ) = 0 and also has a local maximum at Ωt∗ = 0. This explains why
the solid curve in Figure 3a, d dips to negative values between 0 < Ωt∗ <
Ωt∗1 . The thin curve in Figure 3 is also negative in the same range of Ωt∗
when cos φ0 > 0 because, as explained earlier, vb cot θbn /vg → − cos φ0 when
Ωt∗ → 0. A similar argument applies when cos φ0 < 0 (figures 3b, c).
As noted in the previous section, not all values of Ωt∗ (or α) and φ0 lead
to trajectories departing with vn (0) > 0 or re-encountering the surface on
its upstream side (i.e. vn (t∗ ) < 0). To illustrate where vn (0) > 0 holds, we
have plotted in Figure 3 a dashed horizontal line at a height of − cos φ0 . The
initial normal speed is only positive when the thin solid curve that represents
vb cot θbn /vg lies above this dashed horizontal line (cf equation (6)). To illustrate where vn (t∗ ) < 0, we have plotted vn (t ∗ ) as a dotted curve on Figure 3.
Intervals over which this curve is positive correspond to particles approaching
the surface from downstream. Examination of Figure 3c illustrates our previous finding that there can be no particles re-encountering the discontinuity
with initial speed pointing upstream and with 180◦ < φ0 < 270◦ .

5

Summary and Discussion

Previous analytical studies of trajectories in the vicinity of an ideal MHD
surface have examined the conditions under which a velocity distribution of
ions, initially assumed to be gyrotropic, can become gyrophase-bunched in
the specific case when ions reflect off the surface and conserve energy in the
process ([20]). These authors go on to show that a considerable amount of
13

structure in velocity space arises from the gyrophase mixing of a gyrophase
bunched distribution. Other researchers have focused on alternative generation mechanisms for upstream particles from different (e.g. solar wind or
magnetosheath) cold (zero temperature) plasma sources. For example, [39]
consider four different potential explanations for ions upstream of Earth’s
bow shock: magnetic moment-conserving reflection of solar wind ions, specular reflection of solar wind ions, magnetic moment-conserving leakage of
magnetosheath ions and leakage of magnetosheath ions parallel to the shock
normal. Consistent with the assumption that the plasma is cold, a unique
and specific initial pitch angle and gyrophase angle (which may depend on
θBn and an assumed value for the electrostatic potential rise at the shock) is
examined for each of these alternative mechanisms. By contrast, the present
theoretical study has examined in detail for the first time the way in which
any initial gyrophase and pitch angle of a charged particle affect its ultimate
destination after it departs the surface of an ideal planar MHD discontinuity
in a steady, homogeneous collisionless plasma flow. We have also determined
how the size of the normal speed of a particle that returns to the surface
is linked to its initial normal speed. The analysis has been conducted in
the HT frame of reference, in which the discontinuity is at rest and the motional electric field is zero. Our main findings may be summarized as follows:
a) returning trajectories originate from a very restricted pool of initial gyrophase and pitch angles; b) as θbn decreases, the pitch angle range of these
returning trajectories reduces; c) the normal speed of any returning particle exceeds its departing normal speed when the particle’s guiding centre
speed in the HT frame points downstream and vice-versa; d) escaping particles with trajectories that never turn back towards the discontinuity have
pitch angles in the range 0◦ < α < (90◦ − θbn ) [42] but can have any initial
gyrophase; e) escaping particles with trajectories temporarily turning back
towards the surface originate from a restricted range of pitch angles and this
is gyrophase-dependent.
Our theoretical analysis makes it possible to “ring-fence” the portion of
initial gyrophase and pitch angle space that would lead to a particle returning
to the surface or escaping upstream. For example, particles that return to
the surface with normal speed exceeding their initial normal speed must have
pitch angles in the band 90◦ < α < cot−1 (− cos φ0 tan θbn ) which restricts
initial gyrophases to lie within either 0◦ < φ0 < 90◦ or 270◦ < φ0 < 360◦
(see Figure 2, region A above the horizontal dashed line). Particles escaping the discontinuity could have any initial gyrophase for small pitch angles
14

0 < α < 90◦ − θbn (Region C in Figure 2) or a limited range of gyrophase
angles at higher pitch angles (Region B in Figure 2). In addition, if particles
returning to the surface with a normal speed lower than their departing speed
remain upstream (consistent with [6, 16]), our analysis suggests that escaping
particles pitch angles could extend up to α = 90◦ (horizontal dashed line) for
0◦ < φ0 < 90◦ and 270◦ < φ0 < 360◦ and up to α < cot−1 (− cos φ0 tan θbn )
for 90◦ < φ0 < 270◦ (see Figure 2 and analysis in Section 3).
The general results above provide an analytical explanation for the way
in which initial gyrophase and pitch angle determine the trajectory of any
charged particle leaving an ideal MHD discontinuity in a steady flow with
constant magnetic field. In practice, the physics of the mechanism(s) responsible for the generation of these particles will ultimately determine the
proportions emerging from the surface in each of the gyrophase-pitch angle
regions in Figure 2. For example, ions observed upstream of Earth’s bow
shock may originate from the reflection of solar wind ions or through leakage
from the magnetosheath or the magnetosphere. Each of these alternative
source mechanisms will constrain the range of possible gyrophases and pitch
angles of particles leaving the discontinuity. Previous theoretical studies have
assumed a cold plasma source ([39]), so that a unique point in Figure 2 (i.e.
a specific α and φ0 ) would be associated with each alternative generation
mechanism. As mentioned earlier, if one assumes that all solar wind ions
that are specularly reflected at an ideal planar shock have the same incident
velocity as the solar wind, these ions depart with α = 2θbn , φ0 = 0 ([39]). Ion
beams are typically observed at θbn ∼ 50◦ . In the middle panel in Figure 2,
the gyrophase-pitch angle location of these reflected ions would be in the part
of region A above the dashed horizontal line, i.e., corresponding to particles
that are expected to return to the shock surface with a higher normal speed
than when they departed the shock, possibly allowing them to now overcome
the electrostatic potential jump at the shock and pass downstream. However,
relaxing the assumption of “cold” specular reflection could well place some
of the reflected ions in the parts of band A below the horizontal dashed line
(α < 90◦ ) occupied by particles that return to the shock with a diminished
normal speed and that might bounce off again, or even in bands B or C
occupied by escaping particles. These possibilities are briefly explored below
in the context of Earth’s bow shock.
In the HT frame, the upstream solar wind travels along the direction of
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the magnetic field with incident bulk velocity:
Vi = −V

cos θV n
b̂
cosθbn

(15)

where V is the solar wind speed in the frame of an observer at rest on the
shock and θV n is the acute angle between the incident solar wind velocity
direction in the shock rest frame and n̂ (cf. equations (1) and (2) in [39] and
Figure 2). In the plasma (solar wind) rest frame most particles will have their
own individual peculiar velocity vpec with speed vpec . Using the reference axes
in Figure 1, the direction of this peculiar velocity can be specified by its angle
θ1 relative to b̂ and the angle θ2 relative to the ζ̂ axis of the projection of
vpec onto the ζ̂ − ξˆ plane (see Figure 1). Therefore, in the HT frame, this
particle will reach the shock with velocity
cos θV n
+ vpec cos θ1 )b̂ + vpec sin θ1 cos θ2 ζ̂ + vpec sin θ1 sin θ2 ξˆ
cosθbn
(16)
and its incident velocity normal to the shock surface vin can be obtained
from the dot product of (16) with n̂,

Vi + vpec = (−V

vin = [(−V

cos θV n
+ vpec cos θ1 ) cos θbn + vpec sin θ1 cos θ2 sin θbn ]n̂
cosθbn

(17)

It has been found that the assumption that ions reflect specularly from the
shock accounts reasonably well for the observed velocity distributions immediately upstream and downstream of Earth’s bow shock and other features
such as the width of the shock’s magnetic field “foot” (e.g. [40, 27, 31]). With
this simplifying assumption and a little algebra, one can obtain the initial
velocity of an ion as it departs the shock after reflection, v0 , by subtracting
twice the incident normal velocity (17) from (16):
cos θV n
− vpec cos θ1 ) cos 2θbn − vpec sin θ1 cos θ2 sin 2θbn ]b̂ +
cos θbn
cos θV n
[(V
− vpec cos θ1 ) sin 2θbn + vpec sin θ1 cos θ2 cos 2θbn ]ζ̂ +
cos θbn
vpec sin θ1 sin θ2 ξˆ
(18)

v0 = [(V

Dividing both sides of this expression by the upstream Alfvèn speed vA and
noting that V cos θV n /vA is the upstream Mach number MA and that the
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square of the ratio of the ion thermal speed vth and vA is the ion plasma beta
βi [24], expression (18) simplifies to:
MA
vpec q
v0
vpec q
= [(
−
βi cos θ1 ) cos 2θbn −
βi sin θ1 cos θ2 sin 2θbn ]b̂ +
vA
cos θbn
vth
vth
MA
vpec q
vpec q
[(
−
βi cos θ1 ) sin 2θbn +
βi sin θ1 cos θ2 cos 2θbn ]ζ̂ +
cos θbn
vth
vth
vpec q
βi sin θ1 sin θ2 ξˆ
(19)
vth
This expression yields the guiding centre
q speed vb and allows a simple calculation of the gyrational speed vg = vζ2 + vξ2 , the initial pitch angle α
and gyrophase φ0 of a specularly reflected ion in the HT frame. Note
that for a “cold” incoming solar wind (vpec = 0) expression (19) leads to
α = 2θbn , φ0 = 0, as expected. We now analyze the trajectories of three particles with different peculiar velocities vpec in the incident solar wind frame.
For illustration purposes, we set MA = 2, θbn = 45◦ , βi = 1 and let all three
particles share the same speed in the plasma rest frame, vpec = 2.5vth . This
places them in the wings of an incident Maxwellian distribution, where reflected particles seem to originate ([6, 7]). Thus, the only difference between
the particles is in the angles θ1 and θ2 that determine the orientation of their
peculiar velocity vpec . Figure 4 plots the displacement normal to the shock
as a function of time for the three particles, calculated by substituting the
speed components obtained from (19) into the general expression (4) derived
in section 2. Particle 1 (θ1 = 40◦ , θ2 = 110◦ ) arrives at the shock with normal speed vin ∼ −vA n̂ which is half of the incident normal bulk speed. It
is therefore safe to assume that this particle would not be able to overcome
the electrostatic potential jump at the shock and would experience reflection. After reflection, its initial pitch angle α ∼ 73◦ and gyrophase φ0 ∼ 59◦
lead it to re-encounter the shock. This is a particle in the region labelled
A in Figure 2. Importantly, its pitch angle is below 90◦ meaning that it
will re-encounter the shock with an even smaller normal speed than at first
encounter and presumably bounce again. Particle 2 has θ1 = 30◦ , θ2 = 130◦
and a normal velocity on arrival at the shock that is again vin ∼ −vA n̂. This
particle’s pitch angle and initial gyrophase at the moment it is specularly
reflected and departs the shock are α ≈ φ0 ∼ 55◦ . This is a particle in
region B, whose trajectory turns towards the shock for a while without ever
reaching it, before proceeding to escape upstream (see Figure 4). Finally,
particle 3 has θ1 = 20◦ , θ2 = 170◦ and a normal velocity on arrival at the
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shock vin ∼ −0.9vA n̂. Its pitch angle α ∼ 31◦ and initial gyrophase φ0 ∼ 17◦
after refection place this particle in the region labelled C in Figure 2. Its
trajectory in Figure 4 confirms that this is a particle that escapes upstream
without ever re-approaching the shock surface. It is interesting to note that
although the 3 particles have identical energy in the solar wind rest frame,
their energies in the HT frame are quite different. These energies, E, can be
calculated in units of the upstream Alfvèn kinetic energy from the squares
of the velocity components in (19) or (16):
2
vpec
vpec q
cos θ1
MA2
β
−
2
+
βi MA
E=
i
2
2
cos θbn
vth
vth
cos θbn

(20)

The angle θ1 between the particle’s peculiar velocity vpec and b̂ is entirely
responsible for the difference in energy in the HT frame between these three
particles. Thus, Particle 2 (region B) is approximately 2.1 times as energetic
as Particle 3 (region C), while Particle 1 has more than 3.5 times the energy
of Particle 3. This simple example illustrates how one may obtain higher
pitch angle escaping particles (region B) that are consideraby more energetic
than lower pitch angle particles (region C) even though the particles were
initially close to each other in the incident distribution. A more systematic
study of how a distribution of particles interacts in this way with a shock
may lead to an understanding of some of the, as yet, unexplained features
of beams observed upstream of Earth’s bow shock, namely, the high enery
tails at high pitch angles in their distributions ([32]), their distinctive parallel and perpendicular temperature profiles ([29]) or the two populations
distinguishable by their pitch angle in the numerical study by [17].
High-resolution measurements by the CLUSTER spacecraft indicate that
field-aligned beams share a common origin with the reflected-gyrating ions
at Earth’s bow shock [34, 25] and this is consistent with test particle calculations which found that backstreaming ions can be produceded by increasing
the pitch angle of some of the incident ions [6]. A process of pitch angle
scattering by low frequency waves has been invoked to explain the selection
of the beam ions out of the reflected-gyrating non-gyrotropic distribution
[34, 25]. Our results confirm earlier findings of numerical calculations [6]
suggesting that such mechanism might not be necessary and that the two
populations might arise naturally when allowing for a range of initial gyrophase and pitch angles in the incident distribution. The precise fraction of
reflecting particles in regions A, B or C and their respective velocity ranges
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Figure 4: Displacement normal to an ideal shock surface, in units of vA /Ω,
as a function of time, in units of Ω−1 , of three particles specularly reflected
when the upstream Mach number MA = 2, the ion plasma beta βi = 1 and
θbn = 45◦ . All three particles have a speed in the incident plasma rest frame
of 2.5 thermal speeds and orientations (see text) given by θ1 = 40◦ , θ2 = 110◦
(Particle 1), θ1 = 30◦ , θ2 = 130◦ (Particle 2) and θ1 = 20◦ , θ2 = 170◦ (Particle
3).
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and temperatures will depend sensitively on the properties of the incident
solar wind distribution, in particular, its high-speed wing, and on the orientation of the upstream magnetic field. An analytical investigation of the
properties of ion populations at Earth’s bow shock generated by assuming
specular reflection of an incident solar wind with a distribution of velocities
is beyond the scope of the present paper. Such investigation could be conducted using the framework and general results we have presented here. We
suggest that a study of the details of the incident solar wind velocity distributions in the CLUSTER data and of the associated escaping beams may
reveal significant links between the two. It would also be interesting to study
the resulting range of initial pitch angles and gyrophases if the solar wind
distribution is better fitted by a nonthermal kappa distribution (e.g. [37])
than a Maxwellian. The identification of the gyrophase-pitch angle structure of returning particles might also provide valuable input to studies of the
dominant instabilities responsible for the collisionless thermalization of the
ion distributions downstream of collisionless shocks.
In common with many previous studies (e.g. [39, 14, 35]), we have modelled the discontinuity surface as an ideal infinite plane in a steady homogeneous flow. We have therefore neglected a host of physical phenomena that
could significantly affect particle trajectories, such as any non-stationarity
and curvature of the surface, its structure and finite width and the effects of
waves and turbulence. Nevertheless, we hope that our analysis of the fundamental equations of motion for charged particles will contribute to a better
understanding of the underlying role of initial gyrophase and pitch angle in
a particle’s subsequent evolution near the surface of an MHD discontinuity.
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